MATRIX FACTORIZATIONS AND SEMI-ORTHOGONAL 
DECOMPOSITIONS FOR BLOWING-UPS 



VALERY A. LUNTS AND OLAF M. SCHNURER 

Abstract. We study categories of matrix factorizations. These categories are defined for 
any regular function on a suitable regular scheme. Our paper has two parts. In the first 
part we develop the foundations; for example we discuss derived direct and inverse image 
functors and discuss dg enhancements. In the second part we prove that the category of 
matrix factorizations on the blowing-up of a smooth quasi-projective scheme X along a 
smooth connected closed subscheme Y has a semi-orthogonal decomposition into admis- 
sible subcategories in terms of matrix factorizations on Y and X. This is an essential 
step in our forthcoming article [LS] which defines a motivic measure using categories of 
matrix factorizations. Finally we explain some applications. 
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1. Introduction 

Let A be a smooth quasi-projective scheme over an infinite field k. Let W € r(A, Ox) 
be a regular function on X. A matrix factorization E W \s a. diagram 

ei 

E = { El Eq ) 

eo 

of locally free sheaves of finite type (= vector bundles) on X such that e^ei = WidE^ 
and eieo = W\(1eq- These diagrams are the objects of a differential Z2 -graded category. 
Its homotopy category is a triangulated category, and the category MF(A, VF) of matrix 
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factorizations of W is defined as a certain Verdier quotient of this triangulated category, 
see [Orlll]. 

Let TT : X ^ X be the blowing-up of X along a smooth connected closed subscheme Y. 
The usual construction of the blowing-up endows X with a line bundle 0^{1) which is 
very ample relative to vr. We denote its restriction to E by Oe{^)- Consider the pullback 
diagram 

E X 



Y — ^ X. 

We denote the pullback function of W to Y, X and E by the same symbol. Then vr 
and p induce (left derived) inverse image functors vr* : MF(X, M^) — > 'MF{X ,W) and 
p* : MF(y, ly) MF{E,W). Similarly, j gives rise to a (right derived) direct image 
functor : MF{E,W) 'M.F{X ,W) (strictly speaking this functor does not land in 
MF(X, W) but in an equivalent bigger category). Now we can state our main theorem. It 
is the analog of a well-known result for bounded derived categories of coherent sheaves. 

Theorem 1.1 (see Theorem 3.4). Assume that the codimension r of Y in X is > 2, 
and let I € Z. Then the functors it* : MF{X, W) MF{X, W) and 

j,iOE{l)^P*{-)):MF{Y,W)^MF{X,W) 

are full and faithful. Their essential images 7r*MF{X,W) and MF(Y,W)i in MF{X,W) 
are admissible subcategories, and we have a semi- orthogonal decomposition 

MF{X,W) = (MF{Y,W)-r+i,---:MF{Y,W)-i,TT*MF{X,W)y 

This result is proved in the second part (Section 3) of this article. We also discuss some 
applications there. 

In the first part (Section 2) we discuss general results on categories of matrix factor- 
izations. Certainly categories of global matrix factorizations have been around for a while 
[LPll, Orlll] but there is no systematic treatment of the general theory, with the exception 
of [Poslla, Posllb] which contains many of our results (usually in a more general context). 
Here is an outline of the main results. First we define triangulated categories DCoh(X, W) 
and DQcoh{X,W) in essentially the same way as 'M.F{X,W) by using coherent (resp. 
quasi-coherent) sheaves instead of vector bundles. There are natural functors 

MF{X, W) DCoh(X, W) DQcoh(X, W). 

We show that the first functor is an equivalence and the second one is full and faithful (see 
Theorem 2.9). 



MATRIX FACTORIZATIONS AND SEMI-ORTHOGONAL DECOMPOSITIONS 



3 



Now let TT -.Y X be a morphism of smooth quasi-projective schemes over k. The usual 
direct and inverse image functors vr^, and vr* between categories of quasi-coherent sheaves 
give rise to functors Rvr, : DQcoh(y, W) DQcoh(X, W) and Lvr* : DQcoh(X, W) 
DQcoh(y, ly). This is deduced from the general theory of derived functors. Moreover, 
there is an adjunction (L7r*,R7r*) (see Theorem 2.34). Similarly, we define functors 
Tinom{-,-) and (- (g)^ -). 

We then describe several (differential Z2 -graded) enhancements of MF(X, W) (and 
DQcoh(X,W) ) and show that they are equivalent (see Section 2.6). They are constructed 
using injective quasi-coherent sheaves, Drinfeld dg quotient categories, and Cech resolutions, 
respectively. Finally we show that the subcategory of compact objects in DQcoh(X, W) is 
the Karoubi envelope of M.F{X,W), and that WLF{X,W) has a classical generator (see 
Section 2.7). 

This article is part of our project to construct motivic measures using categories of 
matrix factorizations (cf. [BLL04] for a related result). Let us sketch what we prove in the 
forthcoming article [LS]. 

We now assume that k has characteristic zero. Denote by M^^i the motivic Grothendieck 
(abelian) group of suitable schemes over := A^. Given W : X ^ and V : Y ^ 
we define W *V : X xY A^ by {W * V){x,y) = W{x) + V{y). This operation turns 
Mj^i into a commutative ring. By a motivic measure we mean a morphism of rings from 
Mj^i to some other ring. 

Given a smooth quasi-projective scheme X and W : X ^ A^ as above we define the 
category of singularities of W as 

(1.1) Dsg{X,W):=l[MF{X,W -a). 

a&k 

Only finitely many factors of this product are non-zero. Let Dsg(X, VF)(jg be a suitable 
enhancement of the Karoubi envelope of Dsg(X, VF). If is a projective morphism, 
L'sg(X, VK)dg is a saturated dg (= differential Z2 -graded) category. 

We denote by Sat^j the free abelian group generated by the quasi-equivalence classes 
of saturated dg categories with relations coming from semi-orthogonal decompositions into 
admissible subcategories on the level of homotopy categories. The tensor product of dg 
categories defines a ring structure on Sat^j. One may think of Sat^j ^ ^ Grothendieck 
group of suitable pretriangulated dg categories. Here is the main result of [LS]. 

Theorem 1.2. There is a unique morphism 



Mai ^ Satz2 
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of rings (= motivic measure) that maps [X,W] to the class of Dgg(X, W^)(jg whenever X 
is a smooth quasi-projective scheme over k and W : X ^ is a projective morphism. 

Since Af^i has a presentation whose relations come from suitable blowing-ups (see [Bit04, 
Thm. 5.1]), Theorem 1.1 essentially implies that there is a unique morphism of abelian 
groups M^i — > Satzj sending [X, H^] to Dsg{X,W)A^ for X and W as in Theorem 1.2. 
Multiplicativity of this morphism is established in [LS]. We also give a careful definition of 
Satza there. 

Acknowledgments. We thank Maxim Kontsevich for sharing his insights with us and 
for many useful discussions. We thank Alexander Kuznetsov for explanations concerning 
Theorem 3.2. Furthermore we have benefited from discussions and correspondence with 
Dmitri Orlov, Vladimir Drinfeld, Tobias Dyckerhoff and Bertrand Toen. 

The second author was supported by a postdoctoral fellowship of the German Academic 
Exchange Service (DAAD) when finishing this article. Before that he was partially sup- 
ported by the Collaborative Research Center SFB Transregio 45 and the priority program 
SPP 1388 of the German Science foundation (DFG). He thanks these institutions. 

2. Categories of curved dg sheaves 

As described in the introduction we discuss foundational results on categories of matrix 
factorizations. Our main references for this section were [Poslla, Posllb, Grill]. Some of 
the ideas are also contained in [LPll]. 

Let k he & fixed field. All schemes considered are schemes over k. We say that a scheme 
X satisfies condition (ELF+reg.) if 

(ELF+reg.) X is a separated regular noetherian scheme of finite Krull dimension such that any 
coherent Ox -module is a quotient of a locally free Ox -module of finite type. 

This is condition (ELF) in [Orlll] plus the requirement that X is regular. For example, 
any regular quasi-projective scheme satisfies condition (ELF-|-reg.). 

Fix a scheme X satisfying condition (ELF-|-reg.). Let W G T{X,Ox) be a global 
regular function which we consider as a morphism W : X ^ A} := A^. We do not assume 
that the morphism W is flat, for example W may be the zero function. 

In this section graded means Z2 -graded (where Z2 = Z/2Z) if not explicitly stated 
otherwise, and differential graded is often abbreviated by dg. We use lower indices when 
referring to the graded components of a Z2 -graded object. 

The usual notions and results for differential Z -graded categories (quasi-equivalence, 
pretriangulated dg category, (Drinfeld) dg quotient, etc.) have obvious counterparts in the 
world of differential Z2 -graded categories. 
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2.1. Definition of various categories. By a sheaf on X we mean an Ox -module. We 
denote by Mod(X) the category of aU sheaves on X, and by Qcoh(X) and Coh(X) 
the full subcategories of quasi-coherent and coherent sheaves respectively. By InjMod(X) 
(resp. InjQcoh(X) ) we denote the full subcategory of injective objects in Mod(X) (resp. 
Qcoh(X)). We write Locfree(X) (resp. FlatQcoh(X) ) for the full subcategory of Qcoh(X) 
consisting of locally free sheaves (of possibly infinite rank) (resp. of quasi-coherent sheaves 
that are flat over Ox )■ 

We recall some results from [Har66, II. §7] and deduce some well-known consequences. 

Theorem 2.1 ([Har66, II. §7]). (Here X can he any locally noetherian scheme.) 

(a) Every object of Qcoh(X) can be embedded in an object of InjMod(X) nQcoh(X). 

(b) The injective objects in Qcoh(X) are precisely the injective objects of Mod(X) that 
are quasi-coherent, InjQcoh(X) = InjMod(X) n Qcoh(X). 

(c) If I & Qcoh(X) is an injective object and U <Z X is open, then I\u ^ Qcoh(C/) is 
again injective. 

(d) Any direct sum of objects of InjMod(X) (resp. InjQcoh(X) ) is in InjMod(X) 
(resp. InjQcoh(X) ). 

Proof, (a): This is [Har66, Thm. II.7.18]. 

(b) : The inclusion D is obvious. For the inclusion C let F € Qcoh(X). Then F C J 
for J G (InjMod(X) n Qcoh(X) by (a). If F is injective in Qcoh(X), this inclusion splits, 
and hence F is an injective object of Mod{X). 

(c) : By (b), / is an injective Ox -module. Let j : U ^ X be the inclusion. We have 
the adjunction {j\,j' = j*) (of functors between Mod{X) and Mod([/) ). Since ji is exact 
this shows that j*{I) is an injective Oj/ -module. It is quasi-coherent, so we can use (b) 
again. 

(d) : The statement for InjMod(X) is precisely [Har66, Cor. 7.9], and the statement for 
InjQcoh(X) then follows from (b) since the inclusion Qcoh(X) C Mod(X) preserves direct 
sums (for noetherian X one can also use [Har66, Prop. 7.2] and the example before that 
Proposition). □ 

Definition 2.2. The dg (differential Z2 -graded) category Mod(X,W) is defined as follows. 
Its objects are W - curved dg sheaves on X, i. e. diagrams 



E — { El ^ Eq ) 
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in Mod{X) satisfying Cj+i o Cj = M^id^;^ for i G Z2. The morphism space between two 
W -curved dg sheaves E, E' is the graded space 

HomMod{x,iy)(^,-E^') := ^omo^iEi, E'j) 

with differential d{g) = e' o g — ( — l)!^!^ o e where g is homogeneous of degree \g\. 

Denote by Qcoh{X,W), Coh{X,W), MF{X,W), InjQcoh(X, VF), Locfree(X, VF), and 
FlatQcoh(X, W) the full dg subcategories of M.od{X, W) consisting of objects whose com- 
ponents are quasi- coherent sheaves, coherent sheaves, locally free sheaves of finite type (= 
vector bundles), infective quasi- coherent sheaves, locally free sheaves, and flat quasi- coherent 
sheaves, respectively. Objects of MF{X, W) are called matrix factorizations of W. 

The shift [1\E of a -curved dg sheaf is defined as 

-eo 

[l]E = {Eo^Ei). 

Given a dg category C, the category Zq{C) and the homotopy category [C] of C are de- 
fined as usual: They have the same objects as C, but B.omzQ(c){E ^ = ■^o(Homc(£', £'')) 
and Rom[c]{E,E') = Ho{Romc{E, E')). 

Remark 2.3. The categories Zo{Mod{X,W)), Zo{Qcoli{X,W)) and Zo{Coh{X,W)) are 
abelian categories. A sequence in Zq(MF{X,W)), Zo(InjQcoh(X, VF)), Zo(Locfree(X, VF)) 
or Zo(FlatQcoh(X, 14^)) will be called exact if it is exact in the ambient abelian category 
Zo{qcohiX,W)). 

Let F = {... ^ % ^ . . .) be a complex in Zo{Mod{X, W)). We define its 

ti 

totalization Tot(F) =: T = ( Ti ^ Tq ) G Mod{X,W) by 

to 

Ti:= ^ F; 

= l mod 2 

for I G Z2 and ti\pi = -|- (— for l,j G Z2 and i G Z satisfying i + j = I mod 2. 

li g : E ^ E' is a morphism in Zo(Mod(X, VF)) we define its cone Cone(5f) to be the 
totalization of the complex (... ^0— T-E'A-ii^'^O^ ...) with E' in degree zero. This 
shows that yiod{X,W) is a pretriangulated dg category, and similarly for Qcoh(X, VF), 
Coh(X,VF), MF{X,W), InjQcoh(X,Ty), Locfree(X, TV) and FlatQcoh(X, VF). In par- 
ticular, the homotopy categories [Mod(X, W)] , [Qcoh(X, W)] , [Coh(X, W)] , [MF{X, W)], 
[InjQcoh(X, M^)], [Locfree(X, VT)] and [FlatQcoh(X, M^)] are triangulated-*^ categories. 

^ Our (standard) triangles and the (standard) triangles in [Orlll] differ in the sign of the last morphism. 
However the associated homotopy categories are equivalent as triangulated categories. For this one may use 
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Remark 2.4. Notice that one cannot define the cohomology of an object E € Mod(X, W) 
(unless W = ^ ), hut we can define the cohomology of a complex F as above. In particular 
it makes sense to ask whether F is exact. 

Definition 2.5. Denote by Acycl[Mod(X, W)] the full triangulated subcategory of [Mod(X, W)] 
classically generated by the totalizations of all short exact sequences 

0^ F^ ^ F^ ^ F^ ^0 

with F^ G Mod{X,W). (Instead of short exact sequences one can take all bounded ex- 
act complexes, see Lemma 2.7. (b) below.) By definition, Acycl[Mod(X, P^)] is a thick 
subcategory of [Mod{X,W)], i. e. a strict full triangulated subcategory closed under direct 
summands. 

Following [Posllb, Poslla] we define the absolute derived category DMod(X, VK) of 
W -curved dg sheaves as the Verdier quotient 

BMod{X,W) := [Mod(X, VF)]/ Acycl[Mod(X, VF)]. 

Similarly we consider the full subcategories Acycl[Qcoh(X, VF)] C [Qcoh(X, M^)], Acycl[Coh(X, VF)] C 
[Coh{X,W)], Acycl[MF(X,VF)] C [MF{X,W)], Acycl[Locfree(X, VF)] C [Lodree{X,W)], 
Acycl[FlatQcoh(X, VF)] C [FlatQcoh(X, M^)], and the corresponding Verdier quotients 

DQcoh(X,VF) = [Qcoh(X,H^)]/Acycl[Qcoh(X,VF)], 
DCoh{X,W) = [Coh(X,VF)]/Acycl[Coh(X,VF)], 
MF{X,W) = [MF{X,W)]/ Acyc\[MF{X,W)], 
DLocfree(X, T^) = [Locfree(X, VF)]/ Acycl[Locfree(X, W^)], 
DFlatQcoh(X, P^) = [FlatQcoh(X, VF)]/ Acycl[FlatQcoh(X, VF)]. 

The triangulated category 'M.F{X,W) is called the category of matrix factorizations 
of W. 

We will be mainly interested the category MF(X, W). 
Remark 2.6. Let Xi, . . . ,Xm be the connected components of X. Then 

m 

DMod(X, VF) = JJ DMod(Xi, W), 

1=1 

and similarly for all other categories defined above. So to study these categories one may 
assume that X is connected (if needed), and then the map W is either flat or else constant 

[KS94, lO.l.lO.i] or the equivalence that muhiplies the differentials eo, ei of all objects E by —1 and is 
the identity on morphisms. 
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(here constant means that W{X) consists of a single point in which is then necessarily 
closed). 

Here is a useful lemma. 

Lemma 2.7. Let M be Mod{X,W), Qcoh(X,P^), Coh{X,W), MF{X,W), Lodree{X,W), 
or FlatQcoh(X,VF). 

(a) Any short exact sequence A F*^ -t> — ?• in Zq{A4) gives rise to a tri- 
angle in ^ ^ DM (where DMF{X,W) := MF{X,W) ). 

(b) Let F = {. . . ^ ^ F^ ^ F^ ^ F'-^ ^ F'^ ^ ■ ■ ■ ^ ^ ^ . . .) be a 
bounded exact complex in Zq{A4). Then Tot(F) € Acycl[Al]. 

(c) If F = {... ^ ^ P"" ^ ... ^ P'' ^ I^+i ^ ... ^ F ^ ^ ...) is a 
bounded complex in Zq{M) that is composed of two bounded complexes P and I 
as indicated, there is a standard triangle 

[1] Tot(P) A Tot(/) ^ Tot(F) ^ Tot(P) 

in [A4]. If F is exact, [1] Tot(P) A Tot(/) is an isomorphism in DA^. 

(d) Let F be a bounded complex in Zo(A^). If each F* is isomorphic to in [M], 
then Tot(F) = in [M]. Similarly, if each F* is in Acycl[Al], then Tot(F) € 
Acycl[A1]. 

Proof, (a): We have standard triangles 

4 i^o IM, cone(p) [l]F-\ 
where Cone(p) = F^ (B [1]F"^ as a graded sheaf, and 

Cone(p) F^ ^ Cone([g o]) [1] Cone(p) 

in [Qcoh{X,W)]. Note that 

Cone([go]) = F^ [1] Cone(p) = F^ [1]F° F"^ 



has differential 



and hence is the totalization of the exact complex 



.0 /-I. 

F"i ^ FO 4 F^ ^ with FO in odd degree. This implies that Cone(p) F^ 
becomes an isomorphism in DQcoh(X, H^). 

(b): Factor F^ F^ into an epimorphism followed by a monomorphism, F'^ ^ Q F^, 
and note that Q £ M (for example, if M = MF{X,W), the kernel of F""^ F" is in 
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MF(X, W), and we can iterate this argument). Consider the vertical morphism of horizontal 
complexes 

R : ^ ^ ^ Q ^ ^ ^ . . . ^ 

u 1 

S : ^ F^ F2 Q ^ ^ ^ . . . ^ 

We leave it to the reader to check that the mapping cone Cone(ii) of this morphism is iso- 
morphic to F in the homotopy category of complexes in Zq{A4). Hence Tot(Cone(M)) = 
Tot(-F) in [M]. On the other hand we have a short exact sequence — )• Tot(5) — > 
Tot(Cone(n)) [1] Tot{R) ^ in Zo{M) and hence a triangle Tot(5') Tot(Cone(u)) 
[l]Tot{R) [l]Tot(S') in D7W by (a). By induction Tot(5) and Tot(i?) are in Acycl[A^], 
and hence Tot(F) ^ Tot(Cone(n)) G Acycl[7W]. 

(c) : Obvious. If F is exact, use (b). 

(d) : We argue by induction on the number of i with F^ ^ in M. If this number is 
< 1 the claim is obvious. Otherwise let i G Z be non-maximal with F^ ^ 0. Let w<iF 
be the complex obtained from F by replacing all terms in degrees > i by 0, and define 
WyiF similarly. As in (c), there is a standard triangle 

[1] Tot(i«<iF) Toi{w>iF) Tot(F) Toi{w<iF) 

in [M]. By induction the first two terms are isomorphic to zero in [M] (resp. are in 
Acycl[A1] ), hence so is Tot(F). □ 

2.2. Matrix factorizations and the category of singularities. In case the morphism 
W : X ^ is flat we recall an important theorem proved in [Orlll]. Recall that the 
category of singularities D^g{Y) of a noetherian scheme Y is defined as the Verdier quotient 

Dsg{Y) ■.= D\Coh{Y))/^zxm, 

where D^{Coh.{Y)) is the bounded derived category of coherent sheaves on Y and *Perf(y) 
is the category of perfect complexes. 

Let Xq be the scheme-theoretical zero fiber of the morphism W : X ^ A^. Given 

ei 

E = { El :^±: Eq ) G NLF{X,W) the cokernel of the map ei is annihilated by W, hence 

eo 

it comes from an object in Coh(Xo). We denote this object by cokei. 

Theorem 2.8 ([Orlll]). Assume that the morphism W : X ^ is flat. Then the above 
construction extends to a functor 

cok : MF{X, W) Dsg{Xo) 
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which is an equivalence of triangulated categories. 

The above theorem is useful because it gives us two completely different descriptions of 
the same triangulated category. 

2.3. Some embeddings and equivalences. Our next aim is to prove the equivalences 
and embeddings stated in the following theorem. 

Theorem 2.9. 

(a) The functor [InjQcoh(X, VF)] — > DQcoh(X, 14^) is an equivalence. 

(b) The functor DCoh(X, W) DQcoh(X, W) is full and faithful. 

(c) The functor MF(X, VT) T)Coh.{X ,W) is an equivalence. 

(d) The functor DLocfree(X, VF) — )• DQcoh(X, VF) is an equivalence. 

(e) The functor DFlatQcoh(X, VF) — >■ DQcoh(X, VF) is an equivalence. 

Proof. Consider the commutative diagrams of inclusions of triangulated categories 
(2.1) 

Acycl[MF(X,P^)] c Acycl[Coh(X, VF)] c Acycl[Qcoh(X, VF)] d {0} 
n (Hi) n (02) n (ss) n 

[M¥{X,W)] c [Coh{X,W)] c [qcoh{X,W)] d [InjQcoh(X, P^)] 

and 

(2.2) Acycl[Locfree(X, VF)] c Acycl[Qcoh(A:, VF)] d Acycl[FlatQcoh(A:, VF)] 

n (si4) n (ffiS) n 

[Locfree(X, VF)] c [qcoh{X,W)] d [FlatQcoh(A:, 1^)]. 

We will show that the three equivalent conditions (ffl) °p , (ff2) °p , (ff3) °p of Proposition B.2 
hold for the squares (Hi) and (ei2) (and then also for the rectangle formed out of these two 
squares), and for the squares ([l4) and (135), and that the three equivalent conditions (ffl), 
(ff2), (ffS) hold for the square (hS). This will imply that all five functors in Theorem 2.9 
are full and faithful. 

The following lemma is essentially contained in [Posllb, Thm. 3.6]. It shows that the 
functors considered in parts (a), (c), (d) and (e) of Theorem 2.9 are essentially surjective. 

Lemma 2.10. 

(a) For any F G Qcoh{X,W) there exists an exact sequence — )• F — ?• /'^ ^ • • • — > 
^ in Zo(Qcoh(X, VF)) with all P € InjQcoh(X, VF). In particular, the obvi- 
ous morphism F — )> Tot(/) has its cone in Acycl[Qcoh(X, P^)] and hence becomes 
an isomorphism in DQcoh(X, P^). 
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(h) Let E € Coh^X^W). Then there exists an exact sequence — ?• P" —)■•••—)■ P*' —t- 
E ^ ^ in Zq{Co\i{X,W)) with all F' € MY{X,W). In particular, the obvious 
morphism Tot(P) — )• E has its cone in Acycl[Coh(X, VF)] and hence becomes an 
isomorphism in DCoh(X,W). 

(c) Let E G Qcoh(X, W). Then there exists an exact sequence ^ •••—)• —)• 

E in Zo(Qcoh(X,VF)) with all P' G Locfree(X, TV) C FlatQcoh(X, TV). In 

particular, the obvious morphism Tot(P) — ?• E has its cone in Acycl[Qcoh(X, VF)] 
and hence becomes an isomorphism in DQ,coh.{X,W). 

Proof, (a) Choose injective morphisms : Po — ^ -^o and (71 : Pi — > Ji, such that Jq and 
Ji are injective quasi-coherent sheaves. Consider the object /' G InjQcoh(X, VF), where 

= /( = Jo © and i'Q = W ® id, i[ = ideW. We denote P by G~(J) for future 
reference. Note that G~{ J) only depends on the graded sheaf J. 

Let h = (/io,/ii) : F I' be the injective morphism in Zo(Qcoh(X, VF) given by 
^0 = (50)5i/o)*) ^1 = {gofiidiT- Now define J*^ := P, replace P by cok/i and repeat 
the procedure. Since X is regular we eventually arrive at the desired finite resolution. The 
isomorphism P — >■ Tot(/) in DQcoh(X, VF) follows from Lemma 2.7. (c). 

(b) We apply the dual process. Namely, our assumptions on X allow us to choose vector 
bundles Nq and A'^i with surjective morphisms go : Nq — » Eq and gi : Ni ^ Ei. Consider 
the object P' G MF{X,W) where P^ = P[ = Nq ® Ni and p'q = id®W, p[ = W ®id. 
We denote P' by G~^{N) for future reference. It only depends on the graded sheaf N. 

Let h : P' ^ E be the surjective morphism in Zo(Coh(X, W)) given by /iq = {go, 61(71), 
^1 = (eo90)5'i)- Now replace P by ker/i and repeat the procedure. Since X is regu- 
lar we eventually arrive at the desired finite resolution. The last statement follows from 
Lemma 2.7.(c). 

(c) : Since any quasi-coherent sheaf is the union of its coherent subsheaves ([Har77, Exer- 
cise n.5. 15(e)]) there are locally free sheaves Nq and A'^i with epimorphisms gi : Ni ^ Ei. 
We the proceed as in the proof of (b) . □ 

Remark 2.11. Let p : E F be a morphism in Zo(Qcoh(X, VF)), and let ^ E 
A*^ — )■ — 7- . . . be an exact sequence in Zo(Qcoh(X, VF)). Then there is a resolution 
F ^ I as in Lemma 2. 10. (a) and a morphism A ^ I of resolutions that lifts p. 

Namely, in the notation of the proof of Lemma 2. 10. (a), find morphisms qi : ^ Ji 
that restrict to gipi on Ei, for I = 0,1. Then {qo,qiaoY : Aq ^ Iq = Jq Ji and 
{qooi, qiY : ^1 — 7> /i = Jo © Ji define a morphism I^ that lifts p : E ^ F. Pass to 

the cokernels and proceed. 
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Lemma 2.12. We have 

Hom[Q,oh(x,i4^)](Acycl[Qcoh(X,M/)], [InjQcoh(X, W^)]) = 0. 
In particular, condition (jf2) of Proposition B.2 holds for the square (sS). 

Proof. Let Q ^ ^ E"^ ^ E^ — t- be a short exact sequence in Zo(Qcoh(X, W)) and let 
Tot(£J) denote its totalization. Let J G InjQcoh(X, VF). The dg module HomQc,oh(x,H/) (Tot (E^), J) 
is the totalization of the short exact sequence 

HomQcoh(x,H')(^^, J) HomQcoh(x,Vl/)(^^ J) ^ HomQcoh(x,vi/)(^\ J) ^ 

of dg modules. Hence it is obviously (or by Lemma 2.45 below) acyclic, so Hom[Qc,oh(x,H/)] (Tot(i?), J) = 
0. This implies the lemma. 

□ 

Remark 2.13. For any F G [Qcoh(X, VK)] and I S [InjQcoh(X, VK)] the canonical map 

Hom[Qcoh(x,vi/)] {F: I) — > HomDQcoh(x,iy) {F, I) 
is an isomorphism, since condition (ff3) holds for the square (ei3). 

Lemma 2.14. Condition (ff2)°^ of Proposition B.2 holds for the square ([l2). Namely, 
let L G [Coh(X, and A G Acycl[Qcoh(X, VF)]. Then any morphism L ^ A in 
[Qcoh(X, VF)] factors through some object A' G Acycl[Coh(X, VT)]. 

Proof. Step 1. Let E = { Ei ^ Eq ) ^ Qcoh(X, W) and let K d E he & graded co- 

eo 

herent subsheaf, i.e. Ki C Ei is a coherent subsheaf for i = 0,1. Then there exists 
F G Coh{X,W) such that F C E in Zo{Qcoh{X,W)) and K C F as graded sheaves. 
Indeed, take Fi = Ki + cqKo, Fq = Kq + eiKi. 
Step 2. Given an exact sequence 

^ = (0 ^ ^1 A ^2 ^ > ^"^1 ^—^ ^ 0) 

in Zq{(^co\i{X ,W)) and graded coherent subsheaves C -E*, there exists an exact se- 
quence 

^ ^ ^ ^ 

in Zq{Go\).[X,W)) which is a subsequence of E such that C F^ for all i = I, . . . ,n. 

Indeed, first we may assume that C X*"'"^ (by replacing X*"*"^ with K^~^^ + 

d\K^)). Using Step 1, we find a subobject F"" C F", such that F" G Coh(X, VF) and 
C -F". Between Jf""^ and {(F'~^)~^ {F^) there is a graded coherent sheaf surjecting 
onto -F" (use [Har77, Ex. II.5.15]). Step 1 again then shows that there is an object F"~^ g 
Coh(X,VF) such that K""-^ C C F^-^ and = F". 



MATRIX FACTORIZATIONS AND SEMI-ORTHOGONAL DECOMPOSITIONS 13 

Now proceed by induction with n kerd"""'^ C kerci""-'^ instead of -F" C and 

note that (p-'^{K'^-'^) C K'''^ n ker d""!. 

Step 3. Assume that A = Tot(i?) is the totahzation of an exact sequence E as above and 
let g : L ^ A be a morphism in [Qcoh(X, W)]. Represent g hy a. morphism g : L ^ A in 
Zo(Qcoh(X, 1^)] and let K C A be the image of g. Let be the image of K under the 
obvious projection Tot(£') of graded sheaves. Step 2 applied in this setting yields 

an exact sequence F in Zo(Coh(X, VF)) such that g factors through A' = Tot(F) C A. 
Hence g factors through A' £ Acycl[Coh(X, VF)]. 

Now use that condition (ff4) °p in Proposition B.2 implies condition (ff2) °p . This finishes 
the proof. □ 

Lemma 2.15. The three equivalent conditions (ffl)°^ , (ff2)°^ , (jJ3)°^ hold for the square 

(ai). 

We will give two proofs of this key fact. The first proof from [LPll] is short but uses 
Theorem 2.8 and hence only works in case the morphism W : X ^ is flat. The second 
proof is essentially the one given in [Poslla, Prop. 1.5] (in a slightly different language) and 
works in general. 

Lemma 2.16. Assume that X is affine. 

(a) Then 

Hom[Q,oh(x,i^)]([MF(X,T^)], Acycl[Qcoh(X,H^)]) = 0. 

In particular, [MF(A:, W^)]nAcycl[Qcoh(X, TV)] =0, [MF(A:, P^)]nAcycl[Coh(X, VF)] = 
and Acycl[MF(X,W^)] =0. 

(b) [MF{X,W)] ^MF{X,W) canonically. 

Proof. Clearly (a) implies (b). To prove (a) we argue as in the proof of Lemma 2.12. Namely 
let P € MF(X, W) and let E be the totalization of a short exact sequence 

0^ E^ E'^ ^ E^ ^0 

in Zq{Qco]i{X,W)). Then the dg module HomQcoh(x,iy)(-Pi -E") is the totalization of the 
short exact (since X is affine we can view both Pi as projective r(X, Ox) -modules) 
sequence 

{P, E^) 

of dg modules and hence is acyclic. This implies all the assertions in (a). □ 

Proof of Lemma 2.15 in case W : X ^ h} is flat. We show that condition (ffl) °p holds 
for the square (sl) : Let s : ^ P in [Coh(X, P^)] with P G [MF(X,Ty)] and cone in 
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Acycl[Coh(X, VF)]. Then there exists t : P' ^ E with P' G [MF(X,T^)] such that the 
cone of St is in Acycl[MF(X, VF)]. 

By Lemma 2.10.(b) we can find t and P' as required such that the cone of t is 
in Acycl[Coh(X, Ty)]. Hence the cone of st is in Acycl[Coh(X, VF)], and obviously in 
[MF(X, W)]. We need to show that [M¥{X, W)] n Acycl[Coh(A:, W)] = Acycl[MF(X, W)]. 
Namely, let F £ [MF{X, W)] D Acycl[Coh(X, W)]. It suffices to show that its image cokF 
in DsgiXo) under the equivalence of Theorem 2.8 is zero. But by Lemma 2.16 this is true 
locally on X. Hence this is true globally. □ 

Proof of Lemma 2.15 for arbitrary W : X ^ . It suffices to prove the following claim 
(use condition (ff4) °p of Proposition B.2): Let E G [MF(X,VI/)] and let L be the total- 
ization of a short exact sequence 

in ZQ{Coh{X,W)) (with U of odd degree) . Then any morphism E ^ L in [Coh.{X,W)] 
factors through an object of Acycl[MF(X, VF)]. 

Step 1. Let G G Coh(X, W). Let 7 : G — > L be a degree zero morphism in Coh(X, W). 
Then 7 = (a, b, c) where a : G U, b : G ^ V and c : G Q are morphisms in 
Coh{X, W) of degrees 1, 0, 1, respectively. Notice that the differential of 7 is given by the 
formula dj = d{a, b, c) = {—da, ia + db,pb — dc). 

Lemma 2.17. In this setting assume that the degree zero morphism j = {a,b,c) : G ^ L 
is closed and that c can be lifted to a degree one morphism t : G ^ V in Coh(X, W), i. e. 
pt = c. Then 7 is homotopic to zero. 

Proof. Let Hom = }lomQoh{x,w) ■ We have an exact sequence of dg modules 

^ Hom(G, U) ^ Hom(G, V) ^ Hom(G, Q). 

Note that dc = d{pt) = pdt. Then p{b — dt) = pb — dc = 0, so there exists a degree zero 
morphism s G Hom(G, U) such that b — dt = is. Then ids = d{is) = db = —ia, hence 
—ds = a and d{s, t, 0) = (a, b, c) = 7. □ 

Step 2. Now assume that is a graded coherent sheaf. Recall the object G~^{N) G 
Coh{X,W) freely generated by N (see the proof of Lemma 2.10 above) and note that 
there is a canonical inclusion N C G^{N) of graded sheaves. For any S G Coh(A', I^) a 
degree zero morphism r : G^{N) — )■ S" is uniquely determined by the restrictions r\i\f and 
{dr)\i\[ ; conversely, given two graded morphisms A — > S" of degrees and 1 respectively, 
they arise from such a morphism r. A similar statement holds for degree one morphisms 
G+{N) S. 
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Let V : N ^ L be a degree zero morphism of graded sheaves. Similarly as above we 
represent it as a triple v = {a' , b' , d) where a' : N ^ U, b' : N ^ V and c' : N ^ Q are 
morphisms of graded sheaves of degrees 1, 0, 1, respectively. 

Lemma 2.18. In this setting assume that (in the category of graded sheaves) the morphism 
c' : N ^ Q can be lifted to a degree one morphism s : N ^ V, i. e. ps = c'. Let V : 
G^{N) L be the closed degree zero morphism uniquely determined by v\m = ly : N L 
( and dV = Q ), and let v = (a, 6, c) be its components. Then the degree one morphism c 
can be lifted to a degree one morphism t : (N) — ?■ V, i. e. pt = c. 

Proof. Extend the degree one morphism s : N ^ V to a unique degree one morphism 
t : G~^{N) V such that {dt)\j\i = b'. Note that = v implies b\j^ = b' and c\n = c', 
and that dv = Q implies pb = dc. So pt\N = ps = c' = c\n and {d{pt))\N = p{dt)\N = 
pb' = pblN = {dc)\j\[- Hence pt = c. □ 

Step 3. To complete the proof assume that we are given a morphism E ^ L in [Coh(X, W)], 
which we represent by a closed degree zero morphism morphism e = {a",b",c") : E —?■ L 
where a", b", c" are as explained above. Let be a graded vector bundle mapping surjec- 
tively onto the fiber product V Xq E of the morphisms p : V —?■ Q and c" : E Q (the 
fiber product is formed in the abelian category of graded (coherent) sheaves). This yields a 
surjective morphism of graded sheaves q : N ^ E such that c"q : N ^ Q can be lifted to 
V. 

Let 1/ := eq : N L; its third component is c' := c"q. Let u = {a,b,c) : G'^{N) — t- L 
be the closed degree zero extension of u. By Lemma 2.18 the morphism c can be lifted to 
a degree one morphism t : G~^{N) — ?■ V, i. e. pt = c. 

Similarly q : N ^ E extends uniquely to a (surjective) closed degree zero morphism 
q : G+(iV) E, and we have eq = u. Let p : R ^ G+(iV) be the kernel of q. Then R G 
MF{X, W) (since the kernel of a surjective morphism of vector bundles is a vector bundle). 
Let C := Cone(p). As a graded sheaf C = G+{N) [1]R, so C £ MF{X, W). The natural 
closed degree zero morphism (g, 0) : C — > has cone Cone((g, 0)) in Acycl[MF(X, 1^)], 
cf. the proof of Lemma 2. 7. (a). 

The composition C \ E L is a closed degree zero morphism and given by {eq, 0) = 
(u, 0); its third component is (c, 0) : C = G~^ {N)(B[1]R — )• Q and can be factored as C ^ ' \ 
V ^ Q. Hence Lemma 2.17 shows that this composition C \ E ^ L is homotopic to 
zero. So it is zero in the triangulated category [Coh(X, W)], and the morphism e : E ^ L 
factors there through Cone((g, 0)) € Acycl[MF(X, VF)]. This proves our claim. □ 

Lemma 2.19. The three equivalent conditions (ffl)"^ , (ff2)°^ , (ff3)°^ hold for the squares 
(E14) and (nS). 



16 VALERY A. LUNTS AND OLAF M. SCHNURER 

Proof. The proof of Lemma 2.15 for arbitrary W : X ^ can easily be modified to show 
this result. Observe that the kernel of a surjective morphism of locally free sheaves (resp. 
flat quasi-coherent sheaves) is again locally free (resp. flat quasi-coherent). □ 

The proof of Theorem 2.9 is complete. □ 
We deduce some corollaries from the proof of Theorem 2.9. 
Corollary 2.20. We have 

[InjQcoh(X, W)] n Acycl[Qcoh(X, W)] = 0, 

[MF(X, W)] n Acycl[Coh(X, W)] = Acycl[MF(X, W)], 
[Coh{X, W)] n Acycl[Qcoh(X, W)] = Acycl[Coh(X, W)], 
[Locfree(X, W)] n Acycl[Qcoh(X, W)] = Acycl[Locfree(X, W)], 
[FlatQcoh(X, W)] n Acycl[Qcoh(X, W)] = Acycl[FlatQcoh(X, W)]. 

Proof. The first equality follows immediately from Lemma 2.12. Let E € [MF(X, VF)] n 
Acycl[Coh(X, W)]. We have seen in Lemma 2.15 that condition (ff2) °p holds for the square 
(Hi). Applied to id^;, this condition shows that £^ is a direct summand of an object of 
Acycl[MF(A', 1^)] and hence in Acycl[MF(X, l^/')]. This proves the second equality. The 
remaining equalities are proved similarly using Lemmata 2.14 and 2.19. □ 

Corollary 2.21 (cf. proof of [Posllb, Thm. 3.6]). Let strict([LijQcoh(X, W')]) be the strict 
closure of [InjQcoh{X,W)] in [Qcoh(X, TV)]. Then 

[Qcoh(X,VF)] = (strict([InjQcoh(A:,VF)]),Acycl[Qcoh(X,VF)]> 

is a semi-orthogonal decomposition (see Def. A. 10). In particular, Acycl[Qcoh(X, IV)] is 
the left orthogonal of [InjQcoh(X, VF) in [Q,coh{X,W)]. 

Proof. Lemma 2. 10. (a) yields for each F € [Qcoh(X, VF)] a triangle A ^ F ^ J ^ [l\A 
with A G Acycl[Qcoh(X, W)] and J G [InjQcoh(X, VF)]. Together with Lemma 2.12 this 
proves the first claim. The second claim follows from Lemma A.ll.(b). □ 

Corollary 2.22. The categories [Qcoh(X,Ty), [InjQcoh(X, VF), Acycl[Qcoh(X, VF)], and 
DQcoh(X, W) are cocomplete (closed under arbitrary direct sums) and therefore Karoubian, 
and the functor [Qcoh(X, W)] — ?> DQcoh(X, W) preserves direct sums. 

Proof. It is clear that [Qcoh(X, VF)] is cocomplete. Note that [InjQcoh(X, VK)] is cocom- 
plete by Theorem 2.1.(d), and that Acycl[Qcoh(X, W)] is cocomplete as the left orthogonal 
of [InjQcoh(X, VF)] in [Qcoh(X, VF)], see Lemma 2.21. Now use [BN93, Lemma 1.5 and 
Prop. 3.2]. Cocompleteness of DQcoh(X, TV) follows also from Theorem 2. 9. (a). □ 
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The following definition should be compared with Definition 2.5. Note that [Mod(X, W) 
and [Qcoh(X, W)] are cocomplete. 

Definition 2.23. Denote by Acycf °[Mod(X, W)] the full triangulated subcategory of Mod{X, W) 
that contains Acycl[Mod(X, W)] and is closed under arbitrary direct sums. Following 
[Poslfb, Poslla] again we define the coderived category DMod^°{X,W) of W -curved 
dg sheaves as the Verdier quotient 

DMod™(X,Ty) := [Mod(X, VF)]/ Acycl™[Mod(X, VF)]. 

If we define DQcoh'=°(X, P^) similarly, Corohary 2.22 shows that DQcoh(X,H^) = 
DQcoh™(X, W). 

Theorem 2.24. 

(a) The functor [InjMod(X, P^)] ^ DMod™(X, 1^) is an equivalence. 

(b) The functor DQcoh(X, W) DMod™(X, W) is full and faithful. 

Proof (a) implies (b): Note that InjQcoh(X, W") InjMod(X, VF) by Theorem 2.1.(b). 
Hence [InjQcoh(X, VT)] — > [InjMod(X, TV)] is full and faithful, and we can use Theo- 
rem 2. 9. (a). 

(a): Adapting the proof of Lemma 2. 10. (a) shows: For any F G Mod(X, W) there exists 
an exact sequence ^ F ^ /° ^ . . . in Zo(Mod(X, W)) with all P G InjMod(X, W). 
It follows from Lemma 2.25 below that the obvious morphism F — ?• Tot(/) has cone 
in Acycl'^°[Mod(X, VF)] and hence becomes an isomorphism in DMod^°{X,W). Theo- 
rem 2.1.(d) shows that Tot(/) € InjMod(X, W^). This implies that [InjMod(X, VF)] 
DMod™(X, VF) is essentially surjective. 

Adapting the proof of Lemma 2.12 shows that the left orthogonal of [InjMod(X, W)] in 
[Mod{X,W)] contains Acycl[Mod(X, VF)] and hence Acycl™[Mod(X, I^)] since any left 
orthogonal is stable under direct sums. Now use condition (ff2) of Proposition B.2. □ 

Lemma 2.25. If F is a bounded below exact complex in Zo{Mod{X,W)), then Tot{F) € 
Acycf°[Mod(X,VF)]. 

Proof. We can assume that F = (...—)• ^ F'^ ^ ^ ... ). Let F<„ be the subcomplex 
that coincides with F in degrees < n, is zero in degrees > n, and whose degree n 
component is the kernel of F" F"+^. We have monomorphisms F<o — )• F<i F<2 . . . 
of bounded exact complexes, and F = colimF<„. Note that there is a short exact sequence 

nGN nSN 
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of complexes in Zo(Mod(X, W)). Totalizing yields a short exact sequence 
^ 0Tot(F<„) ^ 0Tot(F<„) ^ Tot(F) ^ 

n6N ngN 

in ZQ{Mod{X,W)). Part (a) of Lemma 2.7 shows that this short exact sequence yields 
a triangle in DMod(X, VF) and a fortiori in DMod'^°(X, M^), and part (b) of the same 
lemma shows that 0„gNTot(F<„) E Acycl'^°[Mod(X, VF)]. Hence Tot(F) becomes zero in 
DMod™(X,H^). The claim follows. □ 

Remark 2.26. We don't know whether Mod(X) has finite injective dimension. If this is 
the case the method used to prove Theorem 2.9. (a) easily implies that [InjMod(X, VK)] — > 
DMod(X, W) is an equivalence; moreover Theorem 2.24.(a) then shows that DMod(X, W) = 
DMod^°(X,W') and Acycl[Mod(X, VF)] = Acycr°[Mod(X, VF)]. 

2.4. Case of constant W . We study the case that is a constant function; recall that 
this means that W{X) consists of a single point of = Spec /c[T] which is then necessarily 
closed. First we note that the case of a constant nonzero W is not interesting. 

Lemma 2.27. Assume that the function W is constant but W ^ 0. Then [Mod(X, W)] = 
0. In particular, all the subcategories [Q,coh{X,W)], . . . ,\MF(X,W)] and all the quotient 
categories DMod(X, P^), DQcoh(X, W), MF{X, W) are zero. 

Proof. The assumption implies that the morphism k\T] — > T[X,Ox), T i— )• factors as 
k\T] — )• A;[r]/p — 7> T[X,Ox) where p C k[r] is a maximal ideal ^ (T). In particular T is 
invertible in the field A;[T]/p, so W is invertible in V{X,Ox)- 
Hence for any E € Mod(X, W) the degree one morphism 

h := (W^-^ecO) G EndMod(A-,w^)(^)i = HomA/od(A)(^o, ^i) ® HomMod(A)(^i, ^o) 
satisfies d/i = id^;, i.e. E is isomorphic to zero in [Mod(X, 14^)]. □ 

Hence let us study the case W = ^. Given an object E G Qcoh(X, 0) we may consider 
its cohomology H(E) which is just a graded quasi-coherent sheaf with components Hq{E) 
and Hi{E). Let 

Ex[Qcoh(X, 0)] := {E G [Qcoh(X,0)] | Hp{E) = for p G Za}, 

and define Ex[Coh(X, 0)], . . . , Ex[FlatQcoh(X, 0)] accordingly. These categories are thick 
subcategories of [Qcoh(X, 0)], . . . , [FlatQcoh(X, 0], respectively, and we can form the cor- 
responding Verdier quotients. The next proposition shows that this yields alternative defi- 
nitions of the categories DQcoh(X, 0), . . . DFlatQcoh(X, 0). 

Note that any morphism f : E F in Zo(Qcoh(X, 0)) induces a morphism II{f) : 
11(E) H{F) on cohomology objects; it is called a quasi-isomorphism if II{f) is an 
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isomorphism. It is easy to see that Hq : Qcoh(X, 0) 
functor. 



Qcoh(X) is a cohomological 



Remark 2.28. These definitions clearly also make sense for [Mod(X, 0)]. If we knew that 
M.od{X) has finite infective dimension, the obvious modification of the proof of the following 
proposition would show that Ex[Mod(X, 0)] = Acycl[Mod(X, 0)]. 

Proposition 2.29. Lei 6eQcoh(X,0), Coh(X,0), MF(X,0), InjQcoh(X, 0), Locfree(X, 0), 
or FlatQcoh(X,0). Then 

Ex[7W] = Acyc\[M\ 

and in particular T) M = [7W]/Ex[A4] (where DMF(X, 0) := MF(X, 0) ). A morphism f 
in Zq{A4) becomes an isomorphism in D A4 if and only if H{ f) is a quasi-isomorphism. 

Proof. We first prove that Ex[Qcoh(X, 0)] = Acycl[Qcoh(X, 0)]. A diagram chase (or 
Lemma 2.45 below) shows that the totalization of any short exact sequence (or any bounded 
exact complex) has vanishing cohomology. By applying the cohomological functor Hq, any 
triangle in [Qcoh(X, 0)] gives rise to a (6-periodic) long exact cohomology sequence, and 
obviously any direct summand of an object with vanishing cohomology has vanishing coho- 
mology. This implies that Ex[Qcoh(X, 0)] D Acycl[Qcoh(X, 0)]. 

Conversely let E £ Ex[Qcoh{X,0)]. Let U :=kereo and y:=kerei. Let 



{V- 



I) 
J) 



{V 



be finite injective resolutions in Qcoh(X). Note that we have a short exact sequence U ^ 
Eq V. The injective resolutions of U and V combine to an injective resolution of Eq : 
there is a morphism r : [— 1] J — >■ / of complexes in Qcoh(X) such that its cone Cone(r) 
(which equals /©J if we forget the differential) fits into the following commutative diagram 



Cone(r) 



En 



1 



J 



V 



whose columns are injective resolutions. Similarly there is a morphism s : J and 

a commutative diagram 

J Cone(s) s- / 



^ El >^ U. 
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ai 

Let A = { Ai ^^±: Aq ) be the complex in Zo(Qcoh(X, 0)) with = Cone(r), Ai = 

ao 

Cone(s) and ao = ( o o ) and ai = ( [] g ) • Note that we obtain the bounded exact complex 

B ■.= {E^ A) = { A'^ ^ A^ ^ ^ ^ ^ . . . ) 

in Zo(Qcoh(X, 0)). From Lemma 2.7. (c) we obtain a triangle 

E Tot{A) Tot(S) ^ [l]E 

in [Qcoh(X,0)]. Note that Ap is the direct sum of JP i JP and IP ^ IP . Hence 

1 

Lemma 2.7.(d) implies that Tot(A) = in [Qcoh(X,0)]. Hence Tot(5) ^ [1]^ in 
[Qcoh(X,0)], so G Acycl[Qcoh(X,0)] by Lemma 2.7. (b). This proves Ex[Qcoh(X, 0)] = 
Acycl[Qcoh(X,0)]. 

Now let A4 be as in the proposition. Then Ex[A^] D Acycl[A4] is proved as above, and 
Corollary 2.20 yields 

Ex[M] C [X] n Ex[Qcoh(X, 0)] = n Acycl[Qcoh(X, 0)] = Acycl[7W]. 

The last statement is clear: / becomes an isomorphism if and only if its cone is in 
Ex[A^]; now use the six-periodic long exact sequence obtained from the cohomological 
functor Hq. □ 

Remark 2.30. In fact we have proved that each object of Ex[Qcoh(X, 0)] = Acycl[Qcoh(X, 0)] 
is isomorphic to the totalization of a bounded exact complex in Zo(Qcoh(X, 0). 

2.5. Derived functors. We recall first some general results about derived functors and 
then apply them to direct and inverse image functors, and to Hom and tensor functors. 

2.5.1. Reminder on derived functors. We recall results and terminology from the elegant 
exposition of derived functors in [Mur07] and refer the reader to this note for more details. 
Let D be a triangulated category D with a strict full triangulated subcategory C, and let 
F : D — 7- T be a triangulated functor to some other triangulated category T. The question 
is whether F has a right derived functor RF : P/C — > T with respect to C. More precisely, 
a right derived functor of F with respect to C is a pair (RF, C) of a triangulated functor 
RF : T>/C ^ T and a suitable natural transformation satisfying a universal property. 

Definition 2.31. An object A £ V is right F -acyclic (with respect to C ) if the 

following condition holds: given any morphism s : A ^ D with cone in C, there is a 
morphism t : D ^ D' with cone in C such that F{ts) is an isomorphism. 

Note that F(A) = if A is right F -acyclic and in C (apply the defining property to 
A^O). 
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Theorem 2.32 ([Mur07, Thm. 116]). In the above setting we additionally assume that 
C C T> is a thick subcategory. Suppose that for every D & D there exists a morphism 
r]£) : D ^ Af) with cone in C and Ajj right F -acyclic with respect to C. Then F admits 
a right derived functor (RF, Q with respect to C with the following properties: 

(a) For any D £ V we have TiF{D) = F{Ad) and (d = F{rjD)- 

(b) An object D £ V> is right F -acyclic with respect to C if and only if is an 
isomorphism in T ■ 

We will apply this theorem several times. When we then write R-F later on we implicitly 
have used some fixed morphisms rjo '■ D ^ A^ as in the theorem, or we say explicitly 
which morphism 7]£) we use for a particular object D. Usually we assume that r]D = ids 
whenever D is right F -acyclic. 

Remark 2.33. Note that Theorem 2.32 does only determine RF on objects. 

Let A d T> be the full subcategory of all right F -acyclic objects, and assume that the 
assumptions of Theorem 2.32 hold. Then in fact A is a triangulated subcategory, and 
F vanishes on Ar\ C. We obtain an induced triangulated functor F : AjC r\C — t- T ■ 
Moreover, the natural functor A/C r\ C ^ V /C is an equivalence, with a quasi-inverse 
induced by D ^ Aq. Then YiF is just the composition of this quasi-inverse with F. This 
determines HF on morphisms. 

Similar results hold for left derived functors. 

2.5.2. Direct and inverse image. Let Y be another scheme satisfying condition (ELF+reg.), 
and let tt : Y ^ X be a morphism. We denote the pullback function Tr*{W) on Y again 
by W. 

The usual direct image functor vr* : Qcoh(y) Qcoh(X) induces the dg functor tt^ : 
Qcoh(y, W) — > Qcoh(X, W) and on homotopy categories the triangulated functor tt^ : 
[Qcoh(y, H^)] [Qcoh.{X,W)]. Similarly, the usual inverse image functor vr* : Qcoh(X) — ?• 
Qcoh(y) induces a dg functor vr* : Qcoh(X, W) — ?• Qcoh(y, W) and a triangulated functor 
TT* : [Qcoh(X, M^)] — )> [Qcoh(y, V^)]. The adjunction (7r*,7r*) in the usual setting induces 
an adjunction of dg functors, 

(2-3) HomQcoh(y,H/)(^*(^).-^) ^ ^OT^Qcoh(x,w)iE,TT*{F)), 

and then an adjunction on triangulated functors. 

By abuse of notation we also denote the compositions 

[Qcoh(y, W)] ^ [Qcoh(X, W)] DQcoh(X, W) 
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and 



[Qcoh(X, W)] 




[Qcoh(y, W)] DQcoh(y, W) 



by vr* and vr*, respectively. 
Theorem 2.34. 

(a) The functor vr* : [Qcoh(y, VF)] — t- T)Qcoh{X,W) has a right derived functor Rvr* : 
BQcoh{Y,W) DQcoh(X,T4^) with respect to Acycl[Qcoh(y, VF)]. 

(b) The functor vr* : [Qcoli(X, 1^)] — ^ DQcoh.{Y,W) has a left derived functor Lvr* : 
DQcoh(X,T4^) DQcoh(y,M^) with respect to Acycl[Qcoh(X, 1^)]. This left de- 
rived functor maps DCoh{X,W) to DCoh(Y,W) and MF{X,W) to MF{Y,W). 

(c) There is an adjunction (Lvr* , Rvr* ) of triangulated functors. 

Proof, (a): Lemma 2. 10. (a) provides for each E € [Qcoh(y, 1^)] a morphism rjE '■ E ^ Ie 
with Ie € [InjQcoh(y, H^)] and cone in Acycl[Qcoh(y, H^)]. Hence to apply Theorem 2.32 
we need to show that any object / € [InjQcoh(y, VF)] is right vr* -acyclic with respect 
to Acycl[Qcoh(y, W^)]. Let s : I ^ F he a morphism in [Qcoh(y, W^)] with cone in 
Acycl[Qcoh(y, W^)]. Apply Hom[Qc.oh(y,vi/)] (~; ^i^d use Lemma 2.12. This shows that 
there is a (unique) morphism g : F ^ I in [Qcoh(y, W)] with gs = id/ . The octahedral 
axiom implies that g has cone in Acycl[Qcoh(y, VF)], and gs = id/ certainly implies that 
TT^{gs) is an isomorphism in [Qcoh(X, VF)] and DQcoh{X,W). 

(b) : Lemma 2.10.(c) yields for each E G [Qcoh(X, 14^)] a morphism ee '■ Pe E with 
Pe G [Locfree(X, H^)] C [FlatQcoh(X, W")] and cone in Acycl[Qcoh(X, W^)]. We want to 
use the left version of Theorem 2.32. If we proceed dually to the above we need to show that 
7r*(P) = in DQcoh(y,iy) for any P e Acycl[FlatQcoh(X, VF)] = [FlatQcoh(X, VF)] n 
Acycl[Qcoh(X, VF)], see Corollary 2.20. Certainly we can reduce to the case that P = 
Tot(i^), where F is a short exact sequence in Zo(FlatQcoh(X, VF)). But then tt*{F) is 
a short exact sequence in Zo(Qcoh(y, VF)), and hence vr*(P) = Tot(7r*(F)) is zero in 
DQcoh(y,VF). 

Lemma 2.10.(b) shows that we can take Pe G [MF(X,T4^)] for E G [Coh.{X,W)]. For 
E G [MF{X, W)] we take Pe = E. 

(c) : Apply [Mur07, Thm. 122], whose assumptions are satisfied by the proof of [Mur07, 
Thm. 116]. □ 

Remark 2.35. Both Lvr* and Rvr* preserve direct sums, cf. Corollary 2.22. This is clear 
for Lvr* from the adjunction (Lvr* , Rvr* ) . For Rvr^, this follows from the above proof: use 
Corollary 2.22 and the fact that vr* preserves direct sums since noetherian schemes are 
quasi- compact. 
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Lemma 2.36. Assume that the map vr is proper. Then the functor Rvr^. maps 'MF{Y,W) 
to (the essential image of) 'MF{X,W), and (7r*,R7r^,) is an adjoint pair of functors be- 
tween the categories MF{X,W) and MF{Y,W). 

Proof. Let E € MF(Y', W). Choose a finite resolution E ^ I as in Lemma 2. 10. (a). Then 
R7r=K(E') is isomorphic to 7r*(Tot(I)) = Tot(7r*(/)) and the cohomologies of the complex 
7r*(/) all lie in Coh(X, H^), by [Gro61, Thm. 3.2.1]. Hence YiTT^[E) is isomorphic to an 
object of T)Co\i{X,W) by Lemma 2.39. (a) below, and also to an object of MF(X, M^) by 
Theorem 2.9. (c). This proves the first claim. The second claim is a direct consequence of 
Theorem 2.34. □ 

The proof of Theorem 2.34 shows that all objects of [InjQcoh(y, W)] are right vr* -acyclic 
and that all objects of [FlatQcoh(X, W^)] are left vr* -acyclic. Here is an improvement. 

Lemma 2.37. Let E € [Qcoh(y, VF)] and assume that its components Eq, Ei are right 
TT* -acyclic quasi- coherent sheaves in the sense that R'"K^{Ep) = for all p G Z2 and 
i \ {0}. Then E is right n^: -acyclic, so in particular vr*(i?) — > R7r^=(£') canonically. 

Similarly, if the components of F £ [Qcoh(X, 1^)] are left vr* -acyclic quasi- coherent 
sheaves, then F is left vr* -acyclic, and Lvr*(F) ^ '^*{F) canonically. 

Proof. Lemma 2. 10. (a) provides a finite resolution E ^ I in Zo(Qcoh(y, M^)) with com- 
ponents P G InjQcoh(y, P^). Since all involved quasi-coherent sheaves are vr* -acyclic, 
vr*(£^) vr*(/) is still a resolution in Zo(Qcoh(X, M^)). Hence the obvious morphism 
TT^,{E) Tot(vr*(/)) becomes an isomorphism in DQcoh(X, W). On the other hand, if we 
use E — )• Tot(/) for computing Rvr*(£'), we have Rvr*(£') = vr*(Tot(/)) = Tot(vr,,(/)) in 
DQcoh(X, VK). Now Theorem 2.32. (b) shows our first claim. The second claim is proved 
similarly using Lemma 2.10.(c). □ 

Remark 2.38. // vr is an affine morphism, all objects of [Qcoh(y, VF)] are right vr* - 
acyclic by Lemma 2.37, so vr* : [Qcoh(y, DQcoh(X, VF) maps Acycl[Qcoh(y, VF)] 

to zero. The induced functor vr* : DQcoh(y, W) DQcoh(X, W) is canonically isomorphic 
to Rvr*. 

// vr is proper and affine (for example a closed embedding), then all objects of [Coh(y, W)] 
are right acyclic for vr* : [Coh(y, M^)] — > DCo\\{X,W) with respect to Acycl[Coh(y, 1^)], 
and hence vr* = Rvr* : DCoh(y, W) DCoh(X, W) canonically. 

Similarly, if vr is flat (for example an open embedding), we have vr* = Lvr* canonically. 

Lemma 2.39. Let F = (0 ^ ^ ... ^ F"-^ ^ > F" ^0) be a complex 

in Zo(Qcoh(X,VF)). 
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(a) Consider the cohomologies H^{F) and the totalization Tot (F) as objects of T>Qcoh.{X,W). 
Assume that each H'^{F) is isomorphic to an object of MF{X, W) (resp. DCoh(X, W) ). 
Then the same is true for Tot(F). 

(b) Assume that 

HomDQ,oh(x,H/)(^^(i^), [vWiF)) = 
for all p > q and w G Z2 (enough: with v = q + 1 — p mod 2 ). Then Tot(-F) = 

Proof. If m = n all statements are trivial, so assume m < n. Consider the (vertical) short 
exact sequence of complexes 

T<„_i(F) : ... — ^ F"-2 — ^ kerd"-i ^ ^ — ^ . . . 

jri — 2 ~ 1 

_P : ... ^ pn-2 Jf ^ pn~l ^ ^ pn ^ q ^ ^ ^ _ 

r>„_i(F) : ... ^0 ^imd"-! ^ F"" — ^0 — 

It induces an exact sequence of their totalizations which becomes a triangle in DQcoh(X, W), 
by Lemma 2. 7. (a). The short exact sequence imrf""^ ^ H"'{F) gives rise to an 

isomorphism Tot(r>„_i(F)) — > [n]H'^{F) in DQcoh(X, VF) by Lemma 2.7. (c). Hence we 
obtain the triangle 

(2.4) Tot(T<„_i(F)) ^ Tot(F) ^ [n]H^{F) ^ [1] Tot(r<„_i(F)) 

in DQcoh(X,W^). 

(a) : By induction and our assumptions the first and third object of the triangle (2.4) 
are isomorphic to objects of MF(X, VF) (resp. DCoh(X, VF) ). The same is then true for 
Tot(F). 

(b) : By induction the triangle (2.4) is isomorphic to the triangle 

n— 1 n—1 

^\i\H\F) ^ Tot(F) ^ [n]H-{F) ^ [1] ^[i]H\F). 



By assumption the third morphism in this triangle vanishes, and hence Tot(F) is the direct 
sum of the first and the third object. □ 
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2.5.3. Sheaf Horn and tensor product. Let W and V be arbitrary morphisms X — )• A . 

For P G Qcoh(X, W) and Q € Qcoh(X, 1/) consider the following diagram^ 

(2.5) 

' -Po 91. ' 

. 90* -pI _ 

T-LomoxiPi^Qa) ® 'HomoxiPo,Qi) < " 'Horn Ox{Po,Qo) ® Homox{Pi,Qi)- 

I-P'l Ql* ' 
_ 90* -Po _ 

in the category Mod(X). It is easy to check that both compositions are multiplication 
by V — W : note for example that PqP* = —{piPo)* by the usual sign convention, since 
Po and pi both have degree one. Hence this diagram defines an object Tiom {P, Q) of 
Mod{X,V -W). 

Remark 2.40. In case W = V note that T-Lom{P,Q) is in Mod(X, 0), i. e. it is a dg 
sheaf, and that 

(2.6) HomQ,oh(x,iy) {P, Q) = r(X, Horn {P, Q)) 

as a dg ahelian group. 

In fact {P, Q) I— > T-Lom {P, Q) is a dg bifunctor 

Uom (-,-): Qcoh(X, W)°^ x Qcoh(X, V) Mod(X, V -W). 

It induces a bifunctor 'Hom{-,-) : [Qcoh(X, VF)]°P x [Qcoh(X,y)] ^ [Mod{X,V - 
W)] of triangulated categories. For fixed P G [Qcoh(X, W)] the obvious composition 
nom{P,-) : [Qcoh(X, y)] DMod(X, F - W) has a right derived functor with re- 
spect to Acycl[Qcoh(X, V)] : we construct it by choosing morphisms Q ^ Iq with 
Iq G [InjQcoh(X, y)] and cone in Acycl[Qcoh(X, F), for every Q G [Qcoh(X, F)], and 
then proceed as in the construction of Rvr^, in the proof of Theorem 2.34. 

For fixed / G [InjQcoh(X, F)], the functor nom^-J) : [Qcoh{X,W)]°P DMod(X, l^- 
W) maps Acycl[Qcoh(X, VF)] to zero since T-Lom{—,I) maps short exact sequences in 
Zo(Qcoh(X, VF)) to short exact sequences in ZQ{Mod{X,W)) (use Theorem 2.1. (b)). We 
define 

K-Hom (-, -) : DQcoh(X, W)"^ x DQcoh(X, V) DMod(X, V - W), 

{P,Q)^ nom{P,lQ), 

^ If A and B are complexes with difTerentials (Ia = a and ds ~ b, the differential d in the Horn- 
complex Hom(^,i3) is given by d(/) = feo/ — ( — l)l^l/oa for homogeneous / of degree |/|. This explains 
the signs. 
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and leave it to the reader to check that this defines a bifunctor of triangulated categories. 
Note that for {P, Q) € [Qcoh(X, VF)]°p x [Qcoh(X, V)] there is a natural morphism 

Uom {P, Q) K-Hom {P, Q) = Uom {P, Iq) 

in DMod(X, y - W) induced hy Q ^ Iq. It is an isomorphism if P is in [MF(X, VF)] 
(or in [Locfree(X, VF)] ), or of course if Q is in [InjQcoh(X, F)]. This also shows that if 
P is in Coh(X, W) and we choose Fp ^ P in [Coh(X, W)] with Fp G [MF{X, W)] and 
cone in Acycl[Qcoh(X, VF)], then the morphisms 

nom{Fp,Q) nom{Fp,lQ) ^ Hom{PjQ) 

become isomorphisms in DMod(X, 1/— Vl^). This gives another way of computing UTiom (P,Q) 
for P G Coh{X,W). 

Note also that Knom (P, Q) is in DQcoh(X, V-W) if P G DCoh(X, W), and in (the 
essential image of ) DCoh(X, V-W) if P G DCoh(X, W) and Q G DCoh(X, V). 
We can also directly obtain a bifunctor 

(2.7) nom (-, -) : MF{X, VF)°p x MF{X, V) MF{X, V-W) 

of triangulated categories. It is isomorphic to the restriction of R?^om (—, —) to 'MF{X,W)°^x 
MF{X, V). Slightly more general this works also for nom (-, -) : MF{X, H^)°p xDCoh(X, V) 
BCoh{X,V -W). 

For P G Qcoh(X, W) and Q G Qcoh(X, V) note that 

idigigi piigiidl 
po&d idg)goJ 

(2.8) (Po ®Ox Qi) ffi (-Pi ®Ox Qo) =^ {Po ®Ox Qo) © {Pi ®Ox Qi) 

id® go Pi®idl 
po®id id 051 J 

defines an object P ® Q Qcoh(X, V + W). We obtain a dg bifunctor 

(- -) : Qcoh(X, W) X Qcoh(X, V) Qcoh(X, V + W) 

and a bifunctor of triangulated categories on homotopy categories. For fixed P G [Qcoh(X, W)] 
the obvious composition (P ® — ) : [Qcoh(X, V)] — )• DMod(X, V + W) has a left derived 
functor with respect to Acycl[Qcoh(X, V)] : for each Q G [Qcoh(X, V)] we fix a morphism 
Fq ^ Q with Fq G [Locfree(X, F)] C [FlatQcoh(X, F)] and cone in Acycl[Qcoh(X, F)] 
and proceed then as in the construction of Lvr* in the proof of Theorem 2.34. It is then 
easy to see that 

(- 0^ -) : DQcoh(X, W) x DQcoh(X, V) DQcoh(X, V + W), 

{P,Q)^P(^Fq, 
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defines a bifunctor of triangulated categories. Again we have for (P, Q) € [Qcoh(X, W)] x 
[Qcoh(X, V)] a natural morpliism 

in DMod(X, V + W) induced by Fq — )> Q which is an isomorphism if P or Q has flat 
components. 

Note that there is an obvious isomorphism 

(2.9) HomQcoh{x,H/+y)(-P 'S>Q,R) ^ HomQcoh(x,iy)(^', T^oni {Q, R)) 

of dg modules which is natural in P € Qcoh(X, W), Q e Coh(X, V), and R e Qcoh(X, W+ 
V). 

Lemma 2.41. We have 

HomDQcoh(x,VF+\/)(-P®^ Q,R) - HomDQcoh(x,vi/)(^,R-'^o"i {Q^R)) 
naturally in P e DQcoh(X, W), Q € DCoh(X, V), and R e DQcoh(X, W + V). 

Proof. First note that we can assume that Q G MF(X, 1/) and that moreover R G 
InjQcoh(X,VF + y). Then P 0^ Q ^ P (g) Q and Uom {Q , R) ^ ^Hom {Q , R) . Note 
also that T-Lom {Q, R) G InjQcoh(X, W) by [Har66, Prop. 7.17]. Now take Hq of the above 
isomorphism (2.9) of dg modules and use Remark 2.13. □ 

2.5.4. Duality. We introduce a duality Dx on the category of matrix factorizations. Let 
Vx ■■= i ^ Ox ) e MF(X,0); note that Ox sits in even degree. Then 

Dx := {-y := nam {-,Vx) : MF(X, W) MF{X, -T^)°p 

is a equivalence of dg categories and induces an equivalence 

(2.10) Dx ■■= {-Y := nom (-, Vx) : MF{X, W) MF(X, -VF)°p 

of triangulated categories. This is just the functor (2.7) with Vx as its fixed second 
argument. We refer to Dx as the duality since D^ = id naturally. Explicitly, Dx maps 

P = ( Pi i Po ) to 

(2.11) DxiP) = P^ = [P^= -Horn (Pi, Ox) . = nom (Pq, Ox)- ■ 

Occasionally we view the duality as the functor Dx = RT^om (— , Dx) : DCoh{X,W) — >■ 
MF(X, — VF)°P. The next lemma says that the inverse image functor and duality commute. 

Lemma 2.42. Let tt :¥ X be a morphism of schemes satisfying condition (ELF+reg.). 
Then there is an isomorphism ■k*oDx — > Dyon* of functors M.F{X, W) ^ MF(y, —W)°p. 
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Proof. For J-" G Qcoh(X) consider the morphism 

Tiom Ox C'x) — > Horn Ox ^r^Oy) = vr* Horn Oy {t^*^, Oy)- 

The arrow is induced by Ox '^*Oy, and the equahty is the usual adjunction. It corre- 
sponds under the adjunction to a morphism tt* Tiom Oxi-^^^x) Horn Oy (tt* T , Oy) ■ 
This morphism is an isomorphism if is a vector bundle. From this we obviously obtain 
the isomorphism we want. □ 

2.6. Enhancements. In this section we define three enhancements of MF(X, W) and 
show that they are equivalent (see e.g. [LOlO] for the definitions). Similarly we define two 
equivalent enhancements of DQcoh(X, VF). 

2.6.1. Enhancement using injective quasi- coherent sheaves. Recall that the obvious func- 
tor [InjQcoh(X, VF)] — > DQcoh(X, VF) is an equivalence (Theorem 2.9. (a)), in other words 
InjQcoh(X, VF) is an enhancement for the triangulated category DQcoh(X, VF). This en- 
hancement induces an enhancement for the full subcategory MF(X, W) — > DCoh(X, W) C 
DQcoh(X,Vf^) (cf. Theorem 2.9). Namely, let InjQcohMF(^, W^) C InjQcoh(X, VF) be the 
full dg subcategory consisting of objects which are isomorphic in DQcoh(X, W) to an object 
of MF(X,T^). Then 

(2.12) [InjQcohMF(X, W)] ~ MF(X, W), 
so InjQcoh]yjp(X, M/^) is an enhancement of MF{X,W). 

2.6.2. Enhancement by dg quotients. There is a different enhancement of MF(X, W). Namely, 
let AcyclMF(X, W) C MF(X, W) be the full dg subcategory consisting of objects that be- 
longto Acycl[MF(X, VF)]. Consider the Drinfeld dg quotient category MF(X, W)/ AcyclMF(X, VF) 
(which is pretriangulated, cf. [LOlO, Lemma 1.5]). Then by [Dri04, Thm. 1.6.2, Thm. 3.4] 

there is an equivalence 

(2.13) MF{X,W) = [MF{X,W)]/ Acyd[MF{X,W)] ^ [MF{X,W)/ AcydMF{X,W)], 

hence MF(X, T^)/ AcyclMF(X, Ti^) is an enhancement of MF{X,W). 

The same approach works for the category DQcoh(X, W) : Let AcyclQcoh(X, W) C 
Qcoh(X, W) be the full dg subcategory consisting of objects that belong to Acycl[Qcoh(X, W)]. 
Then 

DQcoh(X,VF) = [Qcoh(X,VF)]/Acycl[Qcoh(X,VF)] A [Qcoh(X, VF)/ AcyclQcoh(X, VF)], 

i. e. the dg quotient Qcoh(X, W)/ AcyclQcoh(X, W) is an enhancement of DQcoh(X, W). 

Actually the two enhancements of DQcoh(X, W) (resp. MF(X, W) ) we just defined are 
equivalent. Namely we have the following lemma. 
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Lemma 2.43. 

(a) The dg categories InjQcoh(X, 1^) and Qcoh(X, VF)/ AcyclQcoh(X, H^) are quasi- 
equivalent. 

(b) The dg categories InjQcohMpC-'^, and MF(X, W)/ AcyclMF(X, VF) are quasi- 
equivalent. 

Proof, (a) The Drinfeld dg quotient comes with the canonical quotient dg functor Qcoh(X, W) 
Qcoh(X, VF)/ AcyclQcoh(X, VF). Restricting it to the dg subcategory InjQcoh(X, VK) we 
obtain the desired quasi-equivalence a : InjQcoh(X, W) — )■ Qcoh(X, 14^)/ AcyclQcoh(X, W). 

(b) Consider the dg functor a : InjQcohMF(^, W^) ^ Qcoh(X, VF)/ AcyclQcoh(X, 1^) 
obtained by restriction and the canonical dg functor (3 : MF(X,W)/ AcyclMF{X,W) — > 
Qcoh(X, 14^)/ AcyclQcoh(X, Vl^). The induced homotopy functors [a] and are full and 
faithful and have the same essential image in [Qcoh(X, VF)/ AcyclQcoh(X, 14^)]. Let A C 
Qcoh(X, W) I AcyclQcoh(X, W) be the full dg subcategory consisting of objects that belong 
to this essential image. Then the dg functors 

InjQcohMF(^, W)^ MF(A:, W)/ AcyclMF(X, W) 

are the desired quasi-equivalences. □ 

2.6.3. Cech enhancement. After some preparations we will define a Cech enhancement for 
MF(X,T4^). 

Let lA = (Ui)i^i be an open covering of X and let J- be a dg sheaf on X, i.e. an 
object of Mod(X, 0). We define a Z2 x Z-graded abelian group C*(W, J-"*) as follows: Its 
component of degree {p, g) G Z2 x Z is 

We turn C*{U, J-"*) into a double complex as follows: its first differential (in the p -direction) 
is induced by that of J- and its second differential is the usual Cech differential. The Cech 
complex C{U,T) is the total complex of C*{U,J^^) : Its m-th component for m G Z2 is 
given by 

(2.14) C{U,T)m= C''{U,Tp) 

peZ2 , geZ, p+q=m 

There is an obvious map 

(2.15) r{X,T) ^ C{U,T) 
of dg abelian groups. 

A different perspective on C{U,J-) is as follows. Taking the Cech complex defines a 
functor from Mod{X) to the category of complexes of vector spaces over k, and hence 
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maps T € Mod(X, 0) to a complex C*{U^F) in Zo(Mod(Spec A;, 0)). Its totalization is 
C{U,F). 

Lemma 2.44. The morphism (2.15) is a quasi-isomorphism if T is componentwise flabby 
(i.e. Tq and Fi are flabby). 

Proof. This follows from [God73, Thm. 5.2.3] and part (a) of the following Lemma 2.45. □ 

Lemma 2.45. Let f : A ^ B be a morphism o/ Z2 x Z -graded double complexes A = 
(AP''')pgZ2, gGZ, B = {B'P''')p^z2,q& of abelian groups. We assume that A^'*^ = and 
j^P,q — Q jgj. g^ii qi < 0. Assume that one of the following two conditions is true: 

(a) f induces isomorphisms H{AP'*) — )• H[B^'*) for all p € 7^2- 

(b) f induces isomorphisms H{A*''') H{B*''') for all (7 G Z, and A and B are 
bounded in the q -direction, i. e. there is N ^ 7^ such that A^''' = and B'^''' = 
for all q > N and p G Z2. 

Then f induces a quasi-isomorphism Tot(/) : Tot(A) Tot{B) of the total complexes 
associated to A and B. 

Proof. In this proof we view A and B in the obvious way as Z x Z -graded double complexes 
that are 2-periodic in the p -direction. 

Assume that (a) holds. Let F^A be the double subcomplex of A defined by 

AP'"} ifq<n, 
{FnAf'" = < ker(A?''" ^ if q = n, 

if q > n, 

and similarly for B. Then / induces maps Fnf : FnA — >• FnB for all n € N, and these 
maps induce quasi-isomorphisms on total complexes by [KS94, Thm. 1.9.3]. This obviously 
implies the claim. 

If (b) is satisfied we can immediately apply [KS94, Thm. 1.9.3]. □ 
Let us apply the above now to sheaf Hom object T-Lom [E, I) defined in Section 2.5.3. 
Lemma 2.46. Let E G Qcoh(X,l^) and L G InjQcoh(X, P^). Then 

HomQ,oh{x,H/)(i?,/) = r(X, nom{E,L)) ^ C{U, nom{E,L)) 
(cf. (2.6) and (2.15)j is a quasi-isomorphism. In particular, 

HomDQ,„h(^,t^)(S, \p\I) = HpiC{U, nom{E,I))) 
canonically, for p G Z2. 
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Proof. Since any injective object of Qcoh(X) is also an injective object of Mod(X), by 
Theorem 2.1.(b), 'Hom{E,I) is componentwise flabby. Thus Lemma 2.44 shows that the 
first map is a quasi-isomorphism, and then Remark 2.13 proves the second claim. □ 

Lemma 2.47. Let T he a quasi-isomorphism in Zo(Qcoh(X, 0)). If U = {Ui)i£j is 
an affine open covering of X, then C{U,T) — )■ C{U,Q) is a quasi-isomorphism. 

Proof. Since X is quasi-compact there is a finite subset I' C I such that U' := {Ui)i^i' is 
a covering of X. If A is any quasi-coherent sheaf on X, the Cech cohomologies H{U,A) 
and H{U',A) are canonically isomorphic to H{X,A), since our coverings are by affine 
open subsets. This together with part (a) of Lemma 2.45 shows that C{U',T) — )• C{U,T) 
is an isomorphism. 

The usual Cech complex of a sheaf contains the alternating subcomplex and its inclusion is 
a homotopy equivalence. Similarly, the Cech complex C{U',T) has a homotopy equivalent 
sub complex Cait (U' 

These arguments show that it is sufficient to show that C.^\x,{U' ,F) — t- C^xiiU' ,Q) is 
a quasi-isomorphism. This follows from part (b) of Lemma 2.45: any finite intersection 
U' of elements of lA' is affine, and hence J-{U') — )• Q{U') is a quasi-isomorphism by 
assumption. □ 

Corollary 2.48. Let E F be a morphism in Zo{Qcoh{X ,W)) that becomes an isomor- 
phism in DQcoh.{X,W), let P € MF{X,W), and let hi he an affine open covering of X. 
Then 

C{U, nom{P,E)) C{U, nom{P,F)) 

is a quasi-isomorphism. 

Proof. The morphism 7iom{P,E)—^ T-Lom{P,F) in Zo(Qcoh(X, 0)) becomes an isomor- 
phism in DQcoh(X, 0), cf. Section 2.5.3. Hence it is a quasi-isomorphism by Proposi- 
tion 2.29. Now use Lemma 2.47. □ 

We fix an affine open covering Vl = {Ui)i,zj of X for defining the Cech enhancement. 
We define a dg category MF(Sj,j,j^(X, W) as follows (it depends on the affine open covering 
U = {Ui)i(zj but we suppress this in the notation). The objects of MF^^^^{X,W) coincide 
with the objects of MF{X, W), and the morphisms are given by 

HomMFe,,,(x,iy)(^,Q) := C{U, Hom{P,Q)). 

The composition in this category is defined using the cup-product for Cech complexes as 
defined in [Ant], chapter 18, section 19 "Cech cohomology of complexes" (adapted to our 
differential Z2 -graded situation in the obvious way) . 
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We can repeat this construction starting with any dg subcategory C C Qcoh(X, W) 
to obtain the corresponding dg category Cq^^^. We always have an obvious dg functor 
C ^ccch obtained from (2.6) and (2.15) and the induced functor [C] — [C^s^^^j^] on 
homotopy categories. 

Proposition 2.49. The dg categories InjQcoh]y[p(X, H^) and MF g^^i^{X,W) are quasi- 
equivalent, i.e. connected by a zig-zag of quasi-equivalences (explicitly constructed in the 
proof). 

Moreover, MF g^^j^{X,W) is a pretriangulated dg category, and the functor \MF{X,W)] 
\MFg^^^{X,W)] factors through the Verdier localization [MF{X,W)] MF{X,W) to an 
equivalence 

(2.16) MF(X, W) ^ [MF^,,,(X, W)] 

of triangulated categories. This shows that MF(jg^^(X, W) is a dg enhancement of MF(X, W) 
naturally. We call it the Cech enhancement of 'MF{X,W). 

In particular this shows that the enhancements InjQcoh]y[p(X, VK) and MF^^^^{X,W) 
of MF{X,W) are equivalent. 

Proof. We construct the zig-zag of quasi-equivalences first. To ease the notation we abbre- 
viate C := InjQcoh]yip(X, W). We use the auxiliary dg category Cq^^^ with the dg functor 
7 : C ^ '^Coch explained above. Lemma 2.46 shows that 7 induces quasi-isomorphisms 
on morphism spaces. It is bijective on objects and hence a quasi-equivalence. 

It remains to prove that the dg categories MF(j^^-^{X,W) and Cq^^-^ are quasi-equivalent. 
For this we define a new dg category B and two dg functors 

which are quasi-equivalences. 

By definition the objects of B are triples {P,I,5), where P G MF{X,W), I e C 
and 5 : P ^ I is a morphism in ZQ{Qcoh{X,W)) which becomes an isomorphism in 
DQcoh(X, VK). Given objects {P,I,5) and {Q,J,e), the dg module Home((P, /, 5), (Q, J, e)) 
can be conveniently written in matrix form 

"(/,J) [-1](P,J)" 
{P,Q) 

where (— , — ) = HomQc.oh(x,VF)c i^(~) ~)- The differential is defined by 



d : 



r m 


1-^ 


dr 


el — r6 + c?[_i](p,j)?7i 




dr el — rS — d(^pj-^m 


/ 







dl 




dl 
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and composition by 



p p 


o 


r m 




pr p.m + p.l 




pr 


{-1)\P\ pm + pi 


A 




I 




XI 







XI 



where m is considered as an element of [— 1](P, J) in the middle term and as an element 
of {P, J) in the right term, and similarly for p. 

The obvious projections MFq^^^{X,W) 4- B C^ech 

are de; functors. These functors 
are surjective on objects (use Theorem 2.9 and Remark 2.13). Hence in order to show 
that they are quasi-equivalences we need to see that they induces quasi-isomorphisms on 
morphism spaces. 

Let us prove this for p first. The map 5 : P ^ I yields a closed degree zero morphism 
6* : {I, J) —7- (P, J) in the dg category of dg abelian groups. The shift of its cone Cone(5*) 
is the kernel of the map p : Homg((P, /, 5), (Q, J, e)) — > HomMFg^^^(^5 Q)- Hence it is 
sufficient to show that Cone((5*) is acyclic. Equivalently we show that 6* is a quasi- 
isomorphism. But this is true by Lemma 2.46 and Remark 2.13 and our assumption that 
6 is an isomorphism in DQcoh(X, VF). 

Similarly, when considering q, we have to show that e* : (P, Q) (P, J) is a quasi- 
isomorphism. But this follows from Corollary 2.48. This shows that p and q are quasi- 
equivalences, and finishes the proof of the first statement. 

Our zig-zag of quasi-equivalences yields the equivalences 

on the level of homotopy categories. This shows that MFq^^^{X,W) is pretriangulated. 
Moreover, if we fix for any P G MF(X, 1^) an object {P,Ip,6p) of B, this implies that 
P ^ Ip is an equivalence \MF (.^^^{X ,W)] [C]. 

On the other hand MF(X, T^) [C], P i— )■ Jp, is also an equivalence. These two 
equivalences and the obvious functors fit into the commutative diagram 

[MF[X,W)] -[MFce,h(X,t^)] 

MF{X,W) ^ [C] 

(commutativity is obvious for objects; for morphisms go through the above equivalences) 
which shows that the upper horizontal functor vanishes on Acycl[MF(X, VF)]. We obtain 
an induced functor MF(X, W) — > \MF Q^^-^i^ i ^)] of triangulated categories which is then 
obviously an equivalence. □ 

Corollary 2.50. The category MF q^^^J^X^W) does not depend (up to quasi- equivalence) 
on the choice of the affine open covering lA = {Ui)i^i of X. 
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2.7. Compact generators. Recall that the category DQcoh(X, VF) is cocomplete (Corol- 
lary 2.22). 

Proposition 2.51. 

(a) The objects of MF(X, M^) are compact in DQcoh(X, VF). 

(h) The triangulated category DQcoh(X, 14^) is generated by the objects of MF{X,W). 
(c) The subcategory DQcoh(X, VF)'^ of compact objects in DQcoh(X, VK) is a Karoubi 
envelope of WLF{X,W). We denote this Karoubi envelope by yiF{X,W). 

Proof Results of Neeman [Nee92] imply [BvdB03, Thm. 2.1.2 (and Prop 2.1.1)]. In partic- 
ular assertions (a) and (b) imply (c). 

(a) : Follows from Remark 2.13 and [Har77, Ex. 1. 1.11]. 

(b) : We essentially copy the proof of [Posllb, 3.11 Thm. 2]. 

Assume that J € InjQcoh(X, W) is such that every morphism E ^ J in Zo(Qcoh(X, W)) 
with E G Coh{X,W) is homotopic to zero. By Theorem 2.9 and Remark 2.13 it suffices 
to prove that J = in [InjQcoh(X, P^)]. 

Apply Zorn's lemma to the ordered set of pairs (M, h), where M is a subobject of J and 
/i : M — > J is a contracting homotopy of the embedding l : M ^ J, i.e. d{h) = l. It suffices 
to check that whenever M J there exists M C M' C J and a contracting homotopy 
h' : M' — )• J for the embedding M' ^ J such that /i'|m = h. Let M' C J be a subobject 
such that M C M' and M'/M G Coh{X,W) (use [Har77, Ex. II.5.15.(e)] and the first 
step in the proof of Lemma 2.14). Since J is injective as a graded quasi-coherent sheaf, the 
degree one morphism /i : M — ?• J can be extended to a degree one morphism h" : M' — t- J. 
Let L : M J and i' : M' — > J denote the embeddings. The map l' — d{h") is a closed 
degree zero morphism and vanishes on M, so it induces a morphism g : M'/M ^ J in 
Zo(Qcoh(X, W)). By our assumption, there exists a contracting homotopy c : M'/M — > J 
for g. Denote the composition M' -» M'/M A J also by c. Then h' = h" + c : M' J 
is a contracting homotopy for l' extending h. □ 

Proposition 2.52. The triangulated category MF(X, W) has a classical generator. Hence 
so does the category MF{X,W). 

Proof. By Remark 2.6 we may assume that X is connected. Then we distinguish two cases: 
the map W : X ^ is flat or else W = 0. The remaining case of a constant nonzero W 
is trivial since then MF(X, W) = by Lemma 2.27. 

Assume that W : X ^ is fiat. Then by Theorem 2.8 MF{X,W) ~ DsgiXo). It is 
well-known that the triangulated category D''(Coh(Xo)) has a classical generator. Hence 
also the quotient category L'sg(-^o) = -C^(Coh(Xo))/*Perf(Xo) has a classical generator. 
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Assume now that W = 0. In this case we will use the equivalence MF(X, 0) — > 
DCoh(X,0) from Theorem 2.9 and the description DCoh(X,0) = [Coh(X, 0)]/ Ex[Coh(X, 0)] 
from Proposition 2.29. Consider the usual bounded derived category D^(Coh(X)) of coher- 
ent sheaves on X. We have the obvious triangulated periodization functor D^{Coh{X)) — ?• 
DCoh(X, 0) which takes a Z -graded complex of coherent sheaves to the corresponding Z2 - 
graded one. Since the category D^{Coh.{X)) has a classical generator it suffices to show 
that DCoh(X, 0) is the triangulated envelope of the collection of objects which are in the 
image of the periodization functor. 

For every E G Coh(X, 0) we have a short exact sequence 


( im eo ^ im ei ) ^ E ^ ( Ei/ im cq Eq/ im ei ) 


in Zo{Coh{X, 0)) and hence a triangle in DCoh(X, 0), by Lemma 2.7.(a). But it is obvious 
that any object in DCoh(X, 0) with zero differential is in the image of the periodization 
functor. □ 

2.8. Some useful results. 

Lemma 2.53. Let E,F ^ (^Q,oh.{X,W) and assume that Hom£)(Qc.oh(j('))(-^p) = 

for all p, p' € Z2 and i £ Z. Then }iomDQcoh(X,W){E, [q]F) = for all g € Z2. 

Proof. Let F ^ I be as in Lemma 2. 10. (a). Then the isomorphism F — > Tot(/) in 
DQcoh(X, P^) and Remark 2.13 imply that we obtain isomorphisms 

HomDQcoh(x,H/)(^, [<l\F) ^ HomDQcoh{x,H/)(-E^, M Tot(/)) ^ Hq{^oraq^^^^x,w)^E,Toi{I))). 

Hence we need to show that dg module HomQcoh(x,VF) (-^i Tot(/)) is acyclic. This dg module 
is the totalization of the (finite) complex 

HomQcoh(x,iy)(£^,^°) ^ HomQcoh(x,w)(£^, ^ HomQcoh(x,w)(£^, ^ • • • • 

This complex is exact by assumption since Fq — )• /q and Fi — ?• Ii are (finite) injective 
resolutions in the abelian category Qcoh(X). Hence HomQc,oh(Jc,vi/)(-^i Tot(/)) is acyclic 
by Lemma 2. 45. (a). □ 

Lemma 2.54 ([Poslla, Rem. 1.3]). Let lA he an open covering of X and let E be an 
object of DQcoh(X,T^). Assume that E\u = in DQcoh(X, VF) for all U eU. Then 
E = in DQcoh(X,T^). 

Remark 2.55. The corresponding result for E G 'MF{X,W) can also be shown using 
Remark 2.6, Lemma 2.27, Proposition 2.29, and Theorem 2.8 (being a perfect complex is 
defined locally). 
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Proof. We repeat the proof of [Poslla, Rem. 1.3]. We can assume that U is finite and 
consists of affine open subsets. For V <Z X open let jy '■ V ^ X be the inclusion. The 
Cech resolution 

Uo&A Uo,Ui€U 
is a bounded exact complex in ZQ{Qcoh{X,W)). For any finite intersection V of (a positive 
number of) elements of U we have jy^E) G Acycl[Qcoh(y, 1^)] by assumption. Since X 
is separated, jv is affine and hence jv*jv{E) G Acycl[Qcoh(X, 1^)] by Remark 2.38. 
Lemma 2.7.(b)-(d) then shows that E G Acycl[Qcoh(X, 1^)]. □ 

Corollary 2.56. Let f : E ^ E' be a morphism in DQcoh(X, VF). Assume that f\u : 
E\ij E'\u is an isomorphism for all elements U of an open covering of X. Then f is 
an isomorphism. 

Proof. A morphism in a triangulated category is an isomorphism if and only if its cone is 
zero. In our case, this can be checked locally by Lemma 2.54. □ 

Corollary 2.57. An object E in [MF{X,W)] belongs to Acycl[MF(X, M^)] if and only if 
E is locally contractible, i. e. any point of X has an open neighborhood U such that E = 
in [MF{U,W)]. 

Proof. If E is locally contractible then ii^ = in MF{X,W) by Lemma 2.54, hence 
E G Acycl[MF(A:, W)]. 

Conversely, let E G Acycl[MF(X, TV)]. Let U C X he any affine open subscheme. 
Then E\u = in MF{U,W). But [MF{U,W)] ^ MF{U,W) by Lemma 2.16, so E\u is 
contractible. □ 

Proposition 2.58 (Locality of orthogonality). Let lA be an open covering of X and 
let A, B £ Qco]i{X,W). Assume that Hom£)Q(,oh(c/',iy)(^|c/'5 b]^|c/') = for all finite 
intersections U' of elements of U and all p G Z2. Then FLomY)Q^.o^x^w){^^ \p]E) = for 
all p £ 

Proof. Lemma 2. 10. (a) allows us to assume that B G lnjQcoh(X, VF). Then Lemma 2.46 
shows that it is enough to prove that C{U, T-Lom{A,B)) is acyclic. Since X is quasi- 
compact we can assume that U is finite. We order the elements of U, say U = {Ui, . . . , 

As in the proof of Lemma 2.47 it is enough to show that Cait(W, Tiom {A, B)) is acyclic. 
Instead of the alternating Cech complex we can work with the isomorphic ordered Cech 
complex Cord(^i 'Hom{A,B)) (defined in the obvious way). 

In order to apply Lemma 2.45. (b) it is enough to show the following: for all g G N 
and 1 < io < ii < ■■■ < iq < n the dg module Tiom {A, B){U') is acyclic, where 
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U' :=Ui,,n---nUi^. But 

nom{A,B)iU') = TiU'; nom {A\u' , B\u')) = RomQ,,^^u',wM\u' , B\u') 

by (2.6), and the latter is acyclic by Theorem 2.1.(c), Remark 2.13, and om' assumptions. □ 

Proposition 2.59. Let X and W : X ^ be as before. Let Z be a closed subscheme 
of X defined by a sheaf of ideals I C Ox, and let U = X — Z be its open complement. 
Let M G MF{X,W) be such that M\u = in MF(U,W). Then, for every n » 0, 
the canonical morphism p : M ^ MIT"'M has a left inverse I in DCoh(X, 1^), i. e. the 
composition I o p : M ^ M is the identity of M. In particular, M is isomorphic to a 
direct summand of M/X'^M in DCoh(X, P^). 

Proof. Let M ^ / be a morphism in Zo(Qcoh(X, 1^)) with / G InjQcoh(X, VF) that 
becomes an isomorphism in DQcoh(X, W^) (Lemma 2. 10. (a)). 

We recall some results from [Har66, IL§7, cf. proof of Thm. 7.18] (see also Theorem 2.1). 
Any injective quasi-coherent sheaf on X is isomorphic to a direct sum of indecomposable 
injective quasi-coherent sheaves. Every indecomposable injective quasi-coherent sheaf is 
isomorphic to some J{x) := ix*{I{x))., where x G X is a point, i^ : SpecOjscx X \s the 
natural inclusion and I{x) is the injective hull of the -module k{x). 

If a nonzero morphism J{x) — )■ J{y) exists, then y G {x} : use that J{x) considered 
as a sheaf of abelian groups is the skyscraper sheaf at x with stalk /(x); this follows from 
[Har66, Prop. 7.5]. 

In particular, the components of / are direct sums of indecomposable quasi-coherent 
sheaves. Denote by C / the graded subsheaf consisting of all summands J{z), for 
z ^ Z. Then Iz is in fact a subobject, i.e. Iz G InjQcoh(X, VF). Let e :[/—)• X denote 
the inclusion. The object £*I is in [InjQcoh(C/, M^)] by Theorem 2.1. (c), and becomes zero 
in DQcoh(C/, H^) by assumption. By Theorem 2.9. (a) e*I = in [InjQcoh(C/, Vl^)], i.e. 
£*/ is contractible. Hence the object e*e*/ G [InjQcoh(X, W)] is also contractible. It is 
easy to check (use that e* preserves coproducts) that the sequence 

0-^ Iz I ^ £*£*/ ^ 

in Zo(InjQcoh(X, VF)) is short exact. Hence Iz ^ I is an isomorphism in [InjQcoh(X, VK)]. 
Let I Iz in Zo(InjQcoh(X, 1^)) represent an inverse. Thus the composition a : M — > 
I Iz becomes an isomorphism in DQcoh(X, W^). Since the components of M are co- 
herent sheaves and every local section of Iz has support in Z, by [Har66, Prop. 7.5], it 
follows that for some no 3> the morphism a factors as 

M M/V'M A Iz 



38 



VALERY A. LUNTS AND OLAF M. SCHNURER 



in Zo(Qcoh(X, VF)). But then, in DQcoh(X, 1^), the composition q-^o/? : M/X"oM M 
is the sphtting of the projection M — t- M/X"°. Similarly one obtains a splitting of the 
projection M — ?• MjT^M for any n > n^. For the last statement fit p : M ^ M/X'^M 
into a triangle in DCoh(X, W) and note that its third morphism is zero. □ 

3. Semi-orthogonal decompositions for matrix factorizations arisinc from 

blowinc-ups 

We assume in this section that our field k is infinite. Let X be a smooth quasi-projective 
scheme and let i -.Y ^ X be the embedding of a connected smooth closed subscheme. Let 
-K : X ^ X be the blowing-up of X along Y, cf. [Liu02, 8.1] and [GWIO, 13], and denote 
hy j : E ^ X the inclusion of the exceptional divisor. We have the following puUback 
diagram 

E X 



Y ^ X. 

By the usual construction of the blowing-up, X is endowed with the line bundle 0(1) = 
Oj^{l) which is very ample relative to the projective morphism vr. This line bundle is 
the ideal sheaf corresponding to the closed subscheme E C X, i.e. we have a short exact 
sequence 

(3.1) o^{1)^O^^Oe. 

We often denote the restriction Oe{1) of Ojf(l) to E by 0(1). 

Let J C Ox be the ideal sheaf oi Y C X. Note that i is a regular immersion of a 
fixed codimension by [Liu02, 6.3.1]; we denote this codimension by r. In particular J j j'^ 
is locally free of rank r on Y. Moreover, the projection "p : E ^ Y is a -bundle, 
more precisely it is isomorphic to '^{J / j"^) Y (use [Liu02, Thm. 8.1.19], cf. [Har77, 
Thm. n.8.24]). 

Note that Ox ^ R7r*L7r*Ox = Rvr^O^ (which follows for example from [SdSSdS09, 
Thm. 8, Rem. 9]). Hence the functor Lvr* : D^{Co\i{X)) Z)*(Coh(X)) is fuh and faithful 
(use that L>*(Coh(X)) = ^cxf{X) ). Similarly the functor p* = hp* : D''{Coh{Y)) 
D\Coh{E)) is fuh and faithful. 

Recall the following semi-orthogonal decomposition theorems'^ ([Orl92, B095, Huy06]); 
for definitions see Section A. 



The proof of Theorem 3.2 in [Orl92, B095] is incomplete. We thank A. Kuznetsov for explaining to us 
how to fill in the gap. We use his suggestion to prove our Theorem 3.4 below. 
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Theorem 3.1. Assume that r > 1. Let I G Z. 

{Cohl)E The functor 0{l) (g) p*{-) : D^{Co\i{Y)) D^{Co\i{E)) is full and faithful. 

We denote (by abuse of notation) the essential image of this functor by 0(l)®p*D^{Coh{Y)). 
{Coh2)E The subcategory 0{l) (g) p*D\Coli{Y)) C D''{Coh{E)) is admissible. 
{Coh3)E The category D\Coh{E)) has the semi-orthogonal decomposition 

Z)^(Coh(£;)) = (o{-r + 1) ^p*D\Coh{Y)), 0{-l) p*D''{Coh{Y)),p*D''{Coh{Y)) 



Theorem 3.2. Assume that r > 2. Let I S Z and consider the functor 
tii-) ■■= UO{l) ®P*{-)) ■■ D\Coh{Y)) ^ D\Coh{X)). 
(Cohl)^ The functor ti is full and faithful. 

Denote by D^{Coh.(Y))i the essential image of ti, and by IiTt* {Coh{X)) the essential 

image of Lvr* : Z)^(Coh(X)) ^ L»*(Coh(X)). 
{Coh2)^ The subcategories D^{Co\i{Y)) I and I^-k* {Coh{X)) are admissible in D^{Coh{X)). 
{CohS)^ The category D^{Cdh{X)) has the semi-orthogonal decomposition 

D\Co\i{X)) = (D\Co\i{Y))^r+i. • • • , £'^(Coh(y))_i, L7r*D^(Coh(X)) 

Now assume that we are given a morphism W : X ^ A^. It induces morphisms from 
y, X and E to which we again denote by W. We want to prove the analogs of 
Theorems 3.1 and 3.2 for the corresponding categories of matrix factorizations. Note that X, 
Y, X, and E are smooth quasi-projective schemes and hence satisfy condition (ELF+reg.). 
Consider the commutative diagram 

MF(^, W) ^ — MF{X, W) 



MF{Y,W) -< MF{X,W). 

Here Lvr* = vr* by the proof of Theorem 2.34. (b), and similarly for the other functors 
in this diagram. We also have the functor j^, = Rj* : M.F{E,W) DCoh{X ,W), see 
Remark 2.38. Note that tensoring with the line bundle 0{l) induces autoequivalences of 
the categories MF{E,W) and MF{X,W). 

Our main goal in the rest of this section is to prove the following two theorems. 

Theorem 3.3. Assume that r > 1. Let I G Z. 

{MF1)e The functor 0{l) (S) p*{-) : MF(y, W) MF{E, W) is full and faithful. 

We denote the essential image of this functor by 0{l) ^ p*'WLF(Y,W). 
{MF2)e The subcategory 0{l) ® p*M.F{Y,W) C M.F{E,W) is admissible. 



40 



VALERY A. LUNTS AND OLAF M. SCHNURER 



{MF3)e The category MF(i?, VF) has the semi- orthogonal decomposition 

MF{E, W) = (0{-r + 1) p*MF(y, VF), . . . , 0{-l) p*M.¥{Y, W),p*MF{Y, W)^. 

Theorem 3.4. Let r > 1. 

{MFO)^ The functor vr* : MF(X, W) MF(X, W) is full and faithful. 
Assume that r > 2. For any integer I consider the functor 

si{-) ■= j^{0{l)®p*{-)) : MF{Y,W) ^BCoh{X,W) 

and recall that the latter category is equivalent to 'M.F{X ,W). 

(MFl) ^ The functor si is full and faithful. 
Denote by tt*MF{X,W) the essential image of vr* : MF{X,W) MF{X,W), and by 
'M.F{Y,W)i the intersection of the essential image of si with 'M.F(X ,W). 

{MF2)^ The subcategory ■k*M.F{X,W) C M.F{X,W) is admissible, and so are the subcat- 
egories MF{Y,W)i C MF{X,W), for any I G Z. 

(MFS)^ The category 'M.F{X ,W) has the semi- orthogonal decomposition 

MF{X,W) = (MF{Y,W)^r+i,---,MF{Y,W)^i,TT*MF{X,W)y 

Proof of [MFO)^ . If y is a vector bundle on X, we know that the adjunction morphism 
V R7r=f7r*y is an isomorphism. This means that if vr*!/ — t- J is a (finite) resolution 
by injective quasi-coherent sheaves, then the obvious morphism V vr*(J) is a reso- 
lution of V. Now let F G 'M.F{X,W) and let 7r*F I be an exact sequence as in 
Lemma 2. 10. (a). The above implies that the obvious morphism F — )■ 7r*(/) is an exact 
sequence in Zo(Qcoh(X, VF)). Then Lemma 2.7.(c) implies that the adjunction morphism 
F — )■ Rvr^vr*^ is an isomorphism. □ 

Proof of {MF1)e ■ In the same way one proves that p* : MF{Y, W) MF(£', W) is fuh 
and faithful, and then (MFl)^; is clear. □ 

Proof of {MFl) . Fix M, N(£ MF{Y, W) and / G Z. Put 

M := 0{l) ® p*M, N := 0{l) O p*N. 

We already know (MFl)^; . Hence it suffices to show that the morphism 

(3.2) : RomT^Y{E,w){M, N) Rom^^^^^^^^^{j^M,j^N) 

is an isomorphism. 

Using the short exact sequence (3.1) and the method used in the proof of Lemma 2.10.(b) 
we find an exact sequence — )■ ^ — )■ j*M — > in ZQ{Coh{X,W)) with 

QO, G MF{X,W). Let Q = (• • • ^ ^ Q-^ ^ QO ^ ^ . . . ), and let 
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r : Tot(Q) — ?• j^M be the obvious morphism. Then by the definition of Lj* we can 
assume that Lj*j^M = j*{Tot{Q)) = Tot{j*{Q)). Consider the composition 

e : Lfj,{M) = i*(Tot(Q)) ^ fj^ ^ M 

where the last morphism is the obvious one. It is enough to show that the morphism 

(3.3) r : HomMF(E,w)(^,^^) ^ HomMF(£;,i^)(j*(Tot(Q)), A^) 

is an isomorphism: if we compose the morphism (3.3) with the isomorphism given by the 
adjunction in Theorem 2.34, we obtain the morphism (3.2). 
Fit 6 into a triangle 

C Tot(j*(g)) A M ^ [1]C 

in M.F{E,W). Applying the cohomological functor Hom]v[p(£; i4/)(?, A^) to this triangle 
shows that we need to prove that 

HomMF(_B,VK)(HC'>^) = for all v ^1^2- 

By Proposition 2.58 it is sufficient to prove this under the additional assumption that X 
(and hence Y ) are affine. Moreover we can and will assume that M and N_ are free Oy - 
modules of finite rank; then M and N are finite direct sums of copies of the line bundle 
Oe{1). 

It is easy to see that M = H°{j*{Q)) and that M' := H-'^{f{Q)) coincides with 
M(l) as a graded vector bundle on E (use the short exact sequence (3.1)). We claim 
that C = [1]M' in this case, i.e. the morphism 9 : Tot{j*{Q)) — > M fits into a triangle 
[l]M' Tot(j*(Q)) A M ^ [2]M'. 

Let A := j*{Q). Let t<_i(A) be the kernel of the obvious surjective morphism A — > 
H^{A) = M of complexes in Zq(MF{E, W)), where M is concentrated in degree 0. We ob- 
tain a short exact sequence t<-i{A) A H^{A) = M of complexes in Zo{MF{E, W)). 
Taking totalizations we obtain a short exact sequence in Zo(MF(£^,l^) which becomes 
a triangle in MF{E,W) (by Lemma 2.7. (a)). On the other hand note that there is an 
obvious quasi-isomorphism M' = H~^{A) — > r<_i(A) of complexes in Zq[MF{E,W)), 
where M' is put in degree -1. It gives rise to a morphism [1]M' — )• Tot(T<_i(A)) in 
Zq(MF(E,W) and to an isomorphism in 'MF{E,W). Altogether we obtain the triangle 
[1]M' ^ Tot(j*(Q)) A Af ^ [2]M' we claimed to exist, in particular C ^ [1]M' in 
MF{E,W). 

Hence we are reduced to proving that 



RomMF{E,W)i[v]M', N)=0 for aU G Zg. 
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Since M' and M (1) coincide (at least) as graded vector bundles this follows from Lemma 2.53 
and our assumptions on M and N_ since 

^ouid^q,,^e)){[v]Oe(1 + 1),Oe{1)) = H-\E,Oe{-1)) = Q 



for all f S Z. Here we use that p : E ^ Y is a 
(MFl)^. 



Dr-l 



■bundle. This finishes the proof of 

□ 



Proposition 3.6 below is essential for the proof of (the second part of) (MF2)j^ . It says 
how commutes with the duality (2.10). Its proof will use the following trivial result. 

Lemma 3.5. Let A he a ring. Let p : P ^ M be a surjection of A -modules and let 
q : Q ^ M be any morphism of A -modules with Q projective. Consider the morphism 
{p,q) : P ® Q ^ M. Then there is a morphism I : Q ^ P such that the diagram 

(p.o) 

P®Q ^ M 







1 -/ 




1 _ 









commutes. 

Proof. Since p is surjective and Q is projective there is I : Q ^ P such that pi = q. □ 

Proposition 3.6. There is an isomorphism r : j* o De — > [1](1)-D^ o of functors 
MF{E, W) DCoh(X, -W)°p. 

Proof. We first define the morphism r globally and show afterwards locally that it is an 
isomorphism. 

The short exact sequence (3.1) gives rise to a short exact sequence in Zo(Coh(X, 0)) and 
then to a triangle 



(3.4) 



0^(1)0^ 1-^ 



^ j,OE 



in DCoh(X,0). For later use we describe 6 explicitly. Consider the obvious morphisms 



^ J.Oe 



(l)O^ ^ 



J 



in Zo(Coh(X,0)) where the inclusion (l)C'jf ^ Cjf is denoted by i. The morphism p 
becomes invertible in DCoh(X,0), and there we have 5 = 5' o . 
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Now define r to be the composition 
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(3.5) T:j,oDE=j,RnomoEi-,{^^'^E )) ^ R.nom o..{j*{-),j*{ ^ ^ )) 



<5* 



RHomo^iM-), ( (l)O^ ^ )) = o 



where the first morphism is the obvious one and the second one is induced by 6. The last 
equality is obvious. 

Our aim is now to show that r is in fact an isomorphism. It is enough to test this locally 
on an affine open subset SpecTl C X (use Corollary 2.56). We can moreover assume that 
(3.1) is given by A ^ A ^ A/ f, for some f E A. 

mi 

Let M = ( Ml ^ Mo ) G MF(Spec^//, W). By further shrinking Spec^ we can and 

mo 

will assume that the components of M are free A/f modules of finite rank, Mq = {A/f)'^^° 
and Ml = (A/f)®'-^ for suitable so,si S N. 

Let Pi := A®'^\ We denote the morphisms c®*' : Pi ^ Mi and /®'*' : Pi ^ Pi simply 
by c and / respectively. 

The method of Lemma 2.10.(b) (with a little help from Lemma 3.5) provides the following 
(vertical) short exact sequence 

g-i A QO ^ j;M in Zo(Coh(Spec A, VK)), a two-step 
resolution of i*(M) by objects of MF(Spec A, T^). 



J*M: 



Ml 



c] 



1 
/ 



mi 



mo 



fui /? 
-a 1 



1 -/? 
a fuo 

-a f 



f 

a uo 



Mn 



c 



Po(BPi 



f 
1 



Po®Pi 



Here a,/3,UQ,ui are suitable morphisms satisfying 



(3.6) ca = niQC, W = fui + f3a, 

c/3 = mic, W = fuo + af3, 



/3uo = ui(3. 
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Let T := Tot{Q ^ A Q"). Then r defines a morphism r : T ^ j*M in Zo(Coli(Spec^, W)) 
that becomes an isomorphism in DCoh(Spec^, VF). Exphcitly r is given by 



j*M: 



T: 



Ah 



mi 



[o c o] 



Po © A © -Po e Pi 



mo 



fui 


P 


/ 





—a 


1 





1 








-/ 


P 








— Q 




1 


-p 


1 


" 


a 


fuo 





/ 








-Ui 










a 





Mn 



c 



Po©Pi©Po©Pi. 



We need to prove that the composition 



UouiA/fiM, {O^A/f))^S:= BomA{j,M, { Q ^ A/ f )) ^ T := HomA(r, {O^A/f 



g := HomA(r, {A^A))%n:= HomA(r, { A ^ )) 



in DCoh(Spec A, W) is an isomorphism. The first arrow clearly is an isomorphism. The 
first (resp. last) two arrows correspond to the first (resp. second) arrow in the definition 
(3.5) of tm- The following diagram in Zo(Coh(Spec^, —W)) depicts £ T ^ Q — ^ 
explicitly, cf. (2.11) and (2.5) (we abbreviate Poioi := Po © Pi © Po © Pi and write Poioi 
for P0101//P0101 ; note that Hom^(^//, A//) = A// and Hom^(A,A//) = A// and 
Homyi(^,^) = A canonically, so that we can for example identify Hom^(Mj,^//) = Mj 
and Hom(Poioi, ^//) = Poioii note that some matrix entries are zero since / : Aj f — )• Aj f 
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is zero; we indicate the transpose of a matrix by an upper index t 
(3.7) 



Si 



n 




1 



p, 



0101 



p*l=can o prj 



-Fbioi ffi -Poioi 

A 









-/ 














-1 


























1 














1 














1 














1 



-/? ful = 



















-u\ 




-t 


/ = o 





o' 








/ = o 


a* 




Mo. 



1 


a' 







fuo 





1 


-u\ 







f -/3' 


-/ 









f 




-a' 










1 








f 





-/ 


-a' 





1 




t 











-1 











/ 


a* 


-1 




Mo 



0101 



f 
_ 

"-1 

-1 




-a 
1 

1 

-a* 


-/ 






-/ 




u\ 

P' 






-a' 

-MoJ 




-a* 
/ 









f 


-1 


-a' 








P' 


-/Mo 








-1 





u\ 


—a 





-/ 


P' 


/ 



0101 



p*0=can o prj 



-Poioi ffi -Poioi 



So-- 









1 














/ 


























1 














1 














1 














1 



0101- 
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Additionally we have added the dotted morphism s which shows that the surjection 5'^ 
splits in Zo(Coh(Spec A, — VF)). Note that maps sCH) onto r*{£), so we can consider 
the commutative diagram 



r*{£) s{n) n 



n 



n 



in Zo(Coh(Spec A, — VF)). Our aim is to show that the lower row defines an isomorphism 
5'^ o o r* in DCoh(Spec^, —W). For this it is clearly sufficient to show that 



(3.8) 



s{n) ^r*{£) 



becomes an isomorphism in DCoh(Specj4, —W). 
Consider the short exact sequence 



(3.9) 



can o — 1 



-1 

-/ 



Ui —a 
f 

1 a' 



-fu\ a' 
-/3* -1 



Pn 



can o 



Po®Pi 



f 
1 



Po®Pi 



in Zo(Coh(Spec y4, PF)). Note that top object is just £ (since Pi := Pi/fPi = Mi and 
a = mo, P = mi by (3.6)) and that the totalization of the complex formed by the lower two 
objects is H. The upper vertical morphism in (3.9) hence defines a morphism j : H ^ £ 
which becomes an isomorphism in DCoh(Spec^, — Vl^) by Lemma 2.7. (c). The composition 



n^£ - 



r*{£) 



obviously coincides with the composition in (3.8) which hence becomes an isomorphism in 
DCoh(Spec^, — W^). This finishes the proof of Proposition 3.6. □ 
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Remark 3.7. Lemma 2.42 shows that the subcategory tt*MF{X,W) C MF{X,W) is in- 
variant under the duality : MF{X, W) MF{X, -W)°pp. This duality takes the sub- 
category 'WLF(Y,W)i to the subcategory MF(y, — VF)_;„i, as follows from Proposition 3.6 
and Lemma 2.42 again. 

Proof of {MF2)^ (first part). We prove that ■k*M.F{X,W) C MF{X,W) is admissible. 
We already know (MFO) , i. e. vr* : MF(X, W) MF(X, W) is full and faithful. Hence 
by Remark A. 5 and its dual version we need to prove that this functor has a right and a 
left adjoint. Lemma 2.36 provides a right adjoint Rvr* : M.¥{X,W) MF{X,W). On 
the other hand, we see from Lemma 2.42 that Dx ° Rtt* ° Dj^ is left adjoint to vr*. □ 

Proof of {MF2)e ■ In the same manner we show that p*MF{Y,W) C MF{E,W) is ad- 
missible, and of course we can twist this subcategory with 0{l). □ 

Proof of {MF2)^ (second part). We prove that MF{Y,W)i C MF{X,W) is admissible. 

From the above it is clear that the functor functor 0{l) ® p*{—) : MF(y, VF) — ?> 
MF(ii^, W) has a right and a left adjoint functor. Let us view j^, as a functor MF(£', W) — >■ 
MF(X,VF) ; it has a left adjoint j* by Lemma 2.36. Proposition 3.6 shows that F i— ?• 
DE{j*\X\{^)D ^{F)) is right adjoint to j^,. As above Remark A. 5 and its dual show that 
m¥{Y,W)i C mY{X,W) is admissible. □ 

It remains to prove (MF3) e and (MF3) ^ . More precisely we need to prove that the 
specified sequences of admissible subcategories are semi-orthogonal and complete (see Def- 
inition A. 10). 

Proof of semi- orthogonality in {MF3)e and {MF3) ^ . Lemma 2.53 shows that this is a di- 
rect consequence of Theorem 3.1 . (Coh3) e and Theorem 3.2. (Coh3) ^ (and these two state- 
ments are not difficult to prove using the local-to-global Ext spectral sequence). □ 

We now prepare for the proof of completeness in the curved situation (MF3)£;. The 
proof we give is a straightforward generalization of a proof of completeness in the uncurved 
case (Coh3)£; . 

Recall that the projection p : E ^ Y is a P''^^ -bundle. Let ^e/y be the sheaf of relative 
differentials of E over Y (= the relative cotangent bundle on E ) and let ^^e/y ~ ^^^e/y 
(and ^%iY = Oe). Consider the pullback diagram 



E xy E 



E 



pi 



E 



Y 
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where Pi = P2 = P- We define F M G := q^F ® q^G for F, G £ Coh(E'). Denote by 
Ae C E Xy E the diagonal subscheme. 

In this situation we have an exact sequence 

(3.10) ^ OE{-r + n'-^yir - 1) ^ > OE{-t) K n^/y(t) ^ 

• • • ^ Oe{-1) ^ ^e/y{^) ^ Oe^^e ^ ^ 
in Coh(i? xy E) (of. [Huy06, Remark 8.35]), or more precisely, a locally free resolution of 

Definition 3.8. A coherent sheaf S on E is good if R>''p*(f]^^y (i) ® S) = Q for all t. 
An object S S Coh(ii^, W) is good if Sq and Si are good coherent sheaves. 

Lemma 3.9. Let T — ?• Oa^ the locally free resolution (3.10). Let S € Coh(£') (resp. 
S G Coh(£', M^) ) he good. Then qi*{J~ ^ q2i^)) (i^one of the involved functors is derived) 
is a resolution of S in Coh(£^) (resp. in Zo(Coh(£^, TV)) ). It is isomorphic to an exact 
sequence 

(3.11) ^ p*S-r+i{-r + 1) ^ . . . ^ p*S_i(-l) ^ p*So ^ S ^ 0, 

in Coh(£') (resp. in Zo(Coh(£', V^)) ) where S-t := (f^^/y (t) (8) 5) is in Coh(y) (resp. 
in Coh(y, W) ). 

Proof. We land in the right categories by [Gro61, Thm. 3.2.1]. For any T G Coh(£^) we 
have 

nqu{{OE{-t)Ma'Eiy{t))®ql{T)) = Rgi, (g^ (Os(-t)) C5 g^(J^*E/y (t) ® T)) 

= OE{-t)(^'Rqi,ql{n^E/Y{'^)®T) = OE{-t)0p*2Kpu{n'E/y{t)0T) 

in D^(Qcoh(£')) (or D^(Coh(£')), cf. proof of Lemma 2.36). Indeed the second equality 
is the projection formula and the third one is flat base change. Therefore for S G Coh(£^) 
good we have 

Kqu[{OE{-t) m l^*E/y(t)) (?2('5)) = OE{-t) P^Pl* (^^./y (t) ^ S) = (/5_t)(-t). 

Observe that the right hand side is a coherent sheaf. Hence the cohomology of the left hand 
side is concentrated in degree zero, so we can replace Rgi* by gi* = R'^gi*. 

Recall that the identity functor on D^{Coh{E)) is isomorphic to the Fourier-Mukai 
transform with kernel Oab- If 5 is a good coherent sheaf, we obtain 

S ^ R(?i*(Oab q*2{S)) ^ Kqi^T ® q*2{S)) ^ qu{F ® ql{S)) 
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in D^{Coh{E)), where the last isomorphism uses the above observation that we can replace 
R-^i* by Qi*- Hence the complex qu{J-^ ^ q2{S)) is a resolution of S in Coh(£'). This 
proves the lemma for good S € Coh(£'). 

To obtain the statement for good objects of Coh(ii^, W) just observe that all construc- 
tions make sense and that exactness in Zo{Coh(E,W)) is tested componentwise. More 
precisely, we use that the projection formula and flat base change hold for matrix factor- 
izations. This is easy to prove for the projection formula. For flat base change note that 
there is a natural morphism and use the following: if / is in [InjQcoh(i?, VF)], then the 
usual flat base change shows that (?|(/) is right gi* -acyclic by Lemma 2.37. □ 

Proof of completeness in {MF3)e ■ Let C be the the triangulated envelope of 

0{-r + l)(^p* DCoh(y, VF), . . . , 0{-l) ^ p* DCoh(y, W),p* DCoh(y, W) 

in DCoh(^, W). It is enough to show that C = DCoh(£;, W) (by Theorem 2.9. (c)). 

It follows from Lemma 3.9 that any good object of Coh(£', W) is contained in C. Let 
£ be a very ample line bundle (relative to Spec/c) on the quasi-projective scheme E. 
Let T € Coh{E,W). It is clear that T (g) is good for n » 0. Also T is good if 
dimSupp(T) = where Supp(T) := Supp(ro © Ti). As follows from Lemma 3.10 below 
(applied to Tq © Ti ) , a suitable (generic) choice of a global section s of C gives rise to a 
short exact sequence 

^ T ^ T(^C^T\d^O 

in Zo{Coh{E,W)) where D = {s = 0}, and the support of T\£) is strictly smaller than 
the support of T if T 7^ 0. So by induction we may assume that T ® C and T\o are in 
C. Hence so is T. This proves (MF3)£; . □ 

Lemma 3.10. As above let C he a very ample line bundle on E. Let 7^ T E Coh(£'). 
Then a generic element s G T{E,C) gives rise to a short exact sequence 

(3.12) O^T ^T®C^T\d^O 

in Coh(£') where D = {s = 0}, and the support of T\d is strictly smaller than the support 
ofT. 

Proof. Step 1: We prove the claim for T = Oz, where Z C E is an irreducible closed 
subscheme. 

Fix a finite affine open cover U of E. For every U (zU choose a closed point in U (1 Z 
if this set is non-empty. Let {Pi, . . . , P„} be the finite set of the chosen points. Let s € 
T{E, C) be such that s{Pi) 7^ for all i = 1, . . . , n. A generic element of T{E, C) certainly 
satisfies this condition since we assume that k is infinite. Let D := V(s) = {s = 0} C E. 
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Note that we have a short exact sequence 
(3.13) O^Oe^C^Od^O- 
Tensoring with Oz yields the exact sequence 

We need to show that the first morphism is injective. This can be checked locally on U (zU, 
and is trivial if f/nZ = 0. Assume that UOZ ^ f}> and let U = Spec A. Let p C A be the 
prime ideal corresponding to U D Z. Then the morphism 1 (8) s is locally given by A/p A 
A/p, where s is now considered as an element of A. Since A/p is an integral domain it is 
injective if and only if s p, and this is equivalent to DOU = V(s) 7^ V(p) = Z CiU. This 
is the case by our choice of s. 

Note that this argument also shows that Tor O/)) = 0. 

Step 2: We claim that T has a finite filtration = r° C C • • • C = T such that 
each T'/T'-'^ ^ Oz, C^^' where the Z, i are irreducible subschemes of E, and li € Z. 

If E is projective (over k) we can apply [Har77, Prop. 1.7.4]. Otherwise we use addi- 
tionally [Har77, Exercise II. 5. 15]. 

Step 3: Let s S T{E, C) and put D = {s = 0}. Step 1 shows that if s does not vanish 
on a suitable finite non-empty set of points in Supp(r), then Tor 1(0^. , Od) = for all 
i = 1, . . . , r. Obviously also ToriiOz, ®C®^\Od) = 0. Using the filtration = T° C • • • C 
T"^ = T we see that Tori(T, O/j) = 0. Hence if we tensor the short exact sequence (3.13) 
with T we obtain the short exact sequence (3.12). The support condition is clear. □ 

It remains to prove completeness (MF3) ^ . 

Proposition 3.11. The condition {MF3)^ is equivalent to the following condition 
(MF4) ^ There is a semi- orthogonal decomposition 

MF(X, -W) = (^TT*MF{X, -W),MF{Y, -W)o, MF{Y, -W)r-2)- 

Proof. This follows from Remark 3.7. □ 

This proof of course shows that semi-orthogonality holds in (MF4) ^ since it holds in 
(MF3) . Hence we have to prove completeness in (MF4) ^ (obviously we can replace W 
by —W there). Our first aim is to prove the weaker statement of Proposition 3.13 below. 

Lemma 3.12. Let B € mY{X,W). 

(a) The condition B E '^{'k*'M.Y{X,W)) is equivalent to R7r*(Z)j^(i?)) = 0. In partic- 
ular, it is local on X in the following sense: if lA is any open covering of X, then 
B G ^(7r*MF(X, W)) if and only if B\^-mj) G ^(7r*MF(C/, W)) for all U eU. 
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(b) Let I G Z. The condition B G ^{mV{Y,W)i) is local on X. 
Proof, (a): In somewhat risky notation we have 

(3.14) Homj^p(^_^)(S,7r*MF(X,VF)) = Homj^^^^ _^)(7r*MF(X, -t^), Z)^(S)) 

= HomMF(x,-iy)(MF(X, -l^),R7r*Z)j^(i?)). 

The first equality uses the duahty and Remark 3.7, the second equahty uses the 

adjunction of Lemma 2.36. Hence B G ^ {'k*MF {X ,W)) is equivalent to YI-k^,{D^{B)) = 0, 
and this condition is clearly local on X (use Lemma 2.54). 
(b): We have 

Homj^p(^ ,^)(i?, MF(y, W)i) = HomMF(i^,H/)(j*i?, Oe{1) ® p*MF(y, W)) 

= min^^^E,w){OE{-l)®3*B,p*mY{Y,W)) 
= HomMF(y,-w-)(MF(y, -VF),Rp,(Z)s(Oi,(-0 ® rS))) 

The first equality follows from the adjunction of Lemma 2.36, the second equality is just 
the twist, and the last equality is obtained similarly as (3.14) (for p instead of vr ). Clearly 
the condition B^p^{D e{0 e{-1) ®j*B)) = is local on X. □ 

Proposition 3.13. The left orthogonal of the full triangulated subcategory 

C := tria(7r*MF(X, W),MF{Y, W)o, . . . , MF(y, W)r-i) 

in MF{X,W) is zero, = 0. 

Proof Let B G ^C. From Lemma 3.12. (a) we obtain 'Rtt^{D^{B)) = 0. Let U C X be 
the open complement of E C X. Then R7r*(L'^(i?|[/)) = 0, and the restriction B\u is 
zero in MF {U,W). 

Recall that the line bundle I := 0^{1) C is the ideal sheaf defining E. Note that 
the obvious morphism B(n) = 0^{n) ^ B ^ X^B is an isomorphism for all n > 0, in 
particular G mF{X,W). 

Consider for n > the short exact sequence 

^ ^ B ^ B/VB 

in Zo(Coh(X, Ty)). Since B\u = 0, Proposition 2.59 shows that i? is a direct summand 
of B/l'^B for n » 0. Fix n » 0. It suffices to prove that B/I'^B = in DCoh(X,H^). 
Since B G the adjunction of Lemma 2.36, implies that 

j*B G ^ tria(p*MF(y, W),..., 0{r - 1) (g) p*MF{Y, W)). 
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Hence (MF3)£; implies that j*B = in MF{E,W). But then B/B{1) ^ B/IB = 
j^j*B = in MF{X,W). Hence B{1) B becomes an isomorphism in MF{X,W); the 
same is then true for B{7i) B, and hence = B/B{n) = B/T'^B in DCoh(X, W). □ 

We give a local description of the inclusion Y C X around a closed point y ^Y. Let 
Spec-R be an affine open neighborhood of y in X, and let I C R be the ideal defining 
yn Spec ii. By possibly shrinking Spec ii we can find r elements xi, . . . ,Xr £ R that can 
be extended to a system of uniformizing parameters on Speci? such that / = (xi, . . . , Xr) 
(this follows for example from [Liu02, Cor. 4.2.15] applied to R localized at the maximal 
ideal corresponding to y). 

In the following section 3.1 we prove some results, in particular completeness in (MF4) ^ , 
for the local situation Spec R/ 1 C Speci? just described. In section 3.2 we then deduce 
completeness in (MF4) ^ in the global setting. 

3.1. Local considerations. Let R be a regular finitely generated A: -algebra and let I C R 
be an ideal that is generated by elements xi,...,Xr € R which are part of a system 
of uniformizing parameters on Speci?. Abbreviate R := R/I. We assume in this whole 
section 3.1 that the inclusion i : Y ^ X is given by Speci? C Speci?. Then X = Proj(i?0 
iei^©. . . ), where R®I®P®.. . is the Rees algebra of / C i?. We define ya := Xa e I C 
i?©i©i^0. . . , i. e. ya is Xa considered as an element of degree 1 in the Rees algebra. Since 
xi, . . . ,Xr is a regular sequence in R, the i? -module i/i^ is free with basis the images y^ 
of the ya, and the natural map R[yi, ■ ■ ■ ,yr] = ^y^R/ii^/^^) ^ R/lBl/P © P/I'^ © . . . 
is an isomorphism. Hence E = Proj(i?// © I/P © P/P ©...)= 
Let 

Ke={0^ OE{-r) ^ OE{-r + . . . ^ 0£;(-l)®(^) ^ ^ o) , 

be the acyclic Koszul complex Ke on E defined as the following tensor product of com- 
plexes, 

r _ 

Ke:=®{Oe{-1)^Oe). 

a=l 

Remark 3.14. The kernel of 9^** is canonically isomorphic to the vector bundle ^^|;/y 
(for example OE{—r) = f^^y )■ Indeed, it is a nice exercise to show that the complex Ke 
can also be obtained as follows: the dual of the Euler sequence gives rise to several short 
exact sequences (see [OSSll, 1.1.1.(3)] combining these in the obvious manner yields a 
long exact sequence which coincides with Ke- 

Corollary 3.15. For any s >0 we have 

^E/vi^) ®P*MF{Y, W) C tria (^p*MF{Y, W),...,Oe{s) Op*MF(y, VF)) . 
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in MF{E,W). 

Proof. Remark 3.14 provides an acyclic subcomplex of Ke which vanishes in degrees < 
— s — 1, whose component in degree — s — 1 is isomorphic to ^^^^y, and which coincides with 
Ke in degrees > —s. Given an object M € MF(y, VF), tensor p*{M) with this complex 
and twist by Oe{s). Now use Lemma 2.7. (c) and the method used to prove part (d) of the 
same lemma. □ 

Lemma 3.16. The cohomology sheaves of L7r*(i*C'y) € D^{Coh{X)) are given as follows. 

(a) H~'{l.^*{i,OY) = i.^%,Y{s) for -sG[-r + l,0]; 
(h) H\L7T*{i^OY) =Q for ti [-r + 1,0]. 
In fact, for —s € [— r + 1, 0], there is an isomorphism 

(3.15) H~\\.^*{i,{-)))^3*{^%/y{s)®p*{-)) 

of functors free(y) — )■ Coh(X), where free(y) C Coh(y) is the full subcategory consisting 
of free Oy -modules of finite rank, and the functor on the left is the composition 

free(y) C Coh(y) C D''{Coh{Y)) ^ D\Coh{X) ^ D\Coh{X)) Coh(X). 
Proof. Consider the Koszul complex Kn := (R; xi, . . . , Xr) which is a resolution of R, 
{Kr^R) = {{)^R^ R®'' ^ ...^ R^ii) R®'r ^ R^R^o) 

Then L7r*(i^,Oy) = tt*{Kpi). This already implies that the cohomology sheaves of L7r*(i*C'y) 
are zero outside [— r, 0]. Note that Kr is the tensor product of the complexes {R;Xa) = 
{R ^ R), hence 

a=l 

We will calculate the cohomology of the complex tt*{Kpi) by comparing it to the acyclic 
Koszul complex 

K^ = {0^ 0^{-r) 0^{-r + l)®C-i) ^ . . . ^ ^-(-i)®^) ^Q^^O) 
which is defined to be the following tensor product, 

a=l 

Note that the Koszul complex Ke above is the restriction K^^Ie of K^ to the divisor 

E. 

Consider the global section 7 of the line bundle Oj^{—l) defined by 7||j^^^o} = 
the chart {y^ 7^ 0} ) for 1 < b < r. It corresponds to a morphism 7 : Oj^ — )• Oy{ — l) 
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(which is just the (—1) -twist of the first morphism in (3.1)). The vertical arrows in the 
commutative square 



7 



id 



define an injective morphism of two-term complexes indexed by 1 < a < r. Their tensor 
product is an injective morphism 'k*{Kr) — )■ K. In degree (— s) it is given by the (^) -fold 
coproduct of the map 

We denote its cokernel by K. So we obtain the short exact sequence 

^ -n^Kn) ^ ^0 

of complexes of sheaves on X. Its middle term is acyclic. So we obtain H^{'k*{Kii)) = 
H^~^{K). In particular it becomes clear that i7~^'(L-7r*(i*(!?y)) vanishes; hence (b) is 
proved. 

For 77, > denote by E"^ the 77-th infinitesimal neighborhood of E in X, i.e. the 
closed subscheme of X defined by the (r7 -|- l)-st power of the ideal sheaf X = 0^{1) of 
E. The cokernel of the map 7*^* : Oj^(-s) is Oes-i{-s). Hence = and 

= K-'^Ies-i for s > 1. Note that the complex K has the finite 
descending filtration K D XK D I^K D • • • D I^K = 0. We include a picture of 

K: ... 0^2(-3)®(S) o^i(_2)®(2) ^ Oe{-1)®' 0, 

and of the (non-trivial) associated graded complexes 



grO(K) : ... Oi5(-3)®(S) C>s(-2)®(2) Oe{-1)®' 0, 

gi.i(K) : ... 0£;(-2)®(S) ^ Os(-l)®(2) ^ 0, 

gT^(K) : ... ^Oe(-1)®(S) ^0 ^0 ^0, 



in degrees between —3 and 0. Remark 3.14 shows that the cohomology of gr^{K) is 
concentrated in degree —s — 1 and canonically isomorphic to ker(9^'*(s)) = r2|,yy(s), or 
more precisely to j*r2|,^y(s). 

It is straightforward to see that spectral sequence associated to our filtered complex K 
(whose -Eo-page is gr*(K) depicted above, up to a coordinate change) satisfies Ei = E2 = 
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• • • = E^, and that the induced filtration on each H^{K) has at most one non-trivial 

subquotient. We hence obtain canonically 

(3.16) ^ ^ 

H~'{\.tt*uOy) = H-\tt*{Kr)) = H-'-\K) = H-'-\gr''(K)) = kev{d^%s)) = jM^/yis) 

for — s S [— r + 1,0]. This proves (a). 

It remains to construct the isomorphism (3.15). Given M = i?™ a free i? -module of 
finite rank, we take the m -fold coproduct of the above construction and obtain an isomor- 
phism H~''{'LTT*{i^{M))) ^ j*(0|,^y(s) ®p*(M)) in Coh(X) as the m -fold coproduct of 
(3.16). This defines (3.15) on objects. We claim that this is compatible with morphisms 
M ^ in free(y). It is certainly sufficient to treat the case M = N = R. Then any 
morphism M ^ N is given by some f R. Choose f ^ R with image / in R. Com- 
ponentwise multiplication with / lifts f : M = R ^ N = R to the Koszul resolution 
Kfi, and we can use this lift to compute the image of / under ff~*(L7r*(i*(— ))) (and this 
image does not depend on the choice of / since all objects in (3.15) are supported on E). 
The image of / under j*(r2|,yy(s) (8)p*(— )) is obvious. Now note that all constructions 
involved in the definition of the isomorphism (3.15) are compatible with multiplication by 
/. This proves our claim. □ 

Corollary 3.17. 

(a) Let M € MF(y, M^) and assume that its components Mq and Mi are free R- 
modules of finite rank. Let — )> ^ •••—)■ Q'' —> i^:{M) be an exact sequence 
in Zo{Coh{X,W)) with all £ MF{X,W), cf Lemma 2.10.(b). Then the co- 
homologies of 7r*{Q), considered as a complex in Zo(Coh{X ,W)), are given as 
follows. 

(i) H-'{Tr*{Q)) ^ Un'j^^yis) <g)p*{M)) m Coh(X,VF), for -se[-r + l,0]; 

(ii) H^{tt*{Q)) =0 for t<^ [-r + 1, 0]. 

(b) We have 

MF(y, W)-i C tria(^*MF(X, W), MF{Y, W)o, MF{Y, W)r-2)- 

Proof, (a): The image of the morphisms tuq : Mq — )• Mi and mi : Mi — > Mq under 
the functor i7~'^(L7r*(i*(— ))) : free(y) Coh(X) can be computed using the morphisms 
Qo ■ Qo ^ Qi and qi : Qi ^ Qo of complexes in Coh(X). Now use the isomorphism of 
functors (3.15) (and (b)) in Lemma 3.16. 

(b) Let S be the specified triangulated envelope. 

Let M G MF(y, Vl^) have free components, and let Q — > ^^.(M) be as in (a). We claim 
that j,{OEi-l)0p*iM)) G S. 
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Note that j^{OE{-l) (E)p*{M)) = j^{Q''-^\.{r - l)(g,p*{M)) by Remark 3.14. Hence, by 
(a), j^,{OE{—l)<S>p*{M)) is the (—r + 1) -st cohomology of the complex vr*(Q) whose total- 
ization L7r*(i^<M) trivially belongs to 7r*MF(X, W). The other cohomologies of this com- 
plex are in the full triangulated subcategory generated by MF(y, W)o, . . . , MF(y, W)r-2, 
by part (a) again and Corollary 3.15. The claim follows (by the technique used in the proof 
of Lemma 2. 39. (a)). 

Now let N € MF(y, VF) be arbitrary. Certainly we find -modules P and Q such 
A'^o © P and Ni (B Q are free i? -modules of finite rank. Note that the components of 

M:=N(B [1]N (Bi P ^ P )(BiQ ) 

w w 

are free i? -modules of finite rank. We already know that j*(C'£;(— 1) iS) p*{M)) € S. 
Hence 1) ®p*(-/V)) is a direct summand of an object of S. But S is an admis- 

sible subcategory of M.F{X,W), by Lemma A. 9 since (MF2)^ and semi-orthogonality 
in (MF4) are already known. In particular it is a thick subcategory by Corollary A. 7. 
Hence j^{OEi-l) (^p*{N)) G 5. □ 

Proof of completeness in [MF^)^ (in the local situation). If we twist the semi-orthogonal 
decomposition in (MF3)£; by 0{r — 2) we see that 

0{r - 1) ® p*MF(y, W) C tria(0(-l) (g) p*MF{Y, W), . . . ,0{r - 2) ® p*MF{Y, W)). 

Apply to this inclusion. This yields the first inclusion in 

MF(y, W)r-i C tria(MF(y, I^)_i, MF(y, W)q,..., MF(y, W)r-2) 

CV:= tria(7r*MF(A:, VF), MF(y, W)o, MF{Y, W)r-2), 

and the second inclusion follows from Corollary 3.17.(b). This and Proposition 3.13 imply 
that = 0. Note that V is admissible by (MF2)^. and Lemma A. 9 since we already know 
semi-orthogonality in (MF4)jj . But then Remark A.2 shows that V = MF(X, W). □ 

Now the proof of Theorem 3.4 is complete in the local situation described at the beginning 
of this subsection 3.1. 

3.2. Back to the global setting. We now return to the global setting described at the 
beginning of section 3. 

Proof of completeness in {MF^)^ (in the global setting), li U <Z X is an open subscheme, 
we define Sjj to be the subcategory of MF(7r~^(C/), H^) defined by 



Su ■■= tria(7r*MF([/, VF), MF(y n U, W)o, MF{Y n U, W)r-2)- 
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Each Sjj is admissible by Lemma A. 9 since (MF2)^, and semi-orthogonality in (MF4)j^ 
are already known. Let S := Sx- We need to show that S = MF(X, W). By Remark A. 2 
it suffices to prove that the left orthogonal -^S is zero. 

Let B G "'"5. Lemma 3.12 shows that € '^{Su) for all open U C X. 

Each point of Y has an open neighborhood U in X such that the inclusion Y (lU C 
X nU is isomorphic to Spec/?// C Speci? with / C i? as described at the beginning 
of subsection 3.1. Since we already proved (MF4)jj for this local setting we know that 
5c7 = MF(^-i(C/),VF). Hence B\^-^u) = in MF{tt~'^{U),W). 

Trivially we have Sx\y = MF(X \ E, W) and hence = in MF{X \ E). Now 

Lemma 2.54 shows that 5 = in MF(X, W). □ 

This finishes the proof of Theorem 3.4. 
3.3. Applications. We mention some corollaries of Theorem 3.4. 

Corollary 3.18. . Let X be a smooth quasi-projective scheme and let W : X ^ be a 
morphism. Let X be the blowing-up of X along a connected smooth closed subscheme Y 
of codimension r > 2. 

(a) Assume that W is flat and that the scheme-theoretic zero fiber Xq of W : X ^ 

is regular. Then the category 'MF{X ,W) has a semi- orthogonal decomposition into 
r — 1 admissible subcategories that are all equivalent to MF(y, W^). In particular, 
if the codimension r = 2, then j^p* : MF(y, 14^) — >■ DCoh(X,T^) induces an 
equivalence MF{Y,W) ^MF{X,W). 

(b) Assume that W\y : Y ^ is flat and that its scheme theoretic zero fiber Yq is 
regular. Then vr* : M.F{X,W) ^ M.F{X ,W) is an equivalence. 

Proof Theorem 2.8 shows that MF{X,W) = (resp. MF{Y,W) = 0). Ah claims then 
follow from Theorem 3.4. □ 

Example 3.19. Let X = A"^ = Speck[x,y], W = x and Y = Spec k[x,y]/{x,y) = 
{(0,0)}. Then Corollary 3. 18. (a) shows that MF(SpecA:,0) ^ mF{X,W). Write X = 
Proj k[x.,y][u^v]/ {xv — yu) and let U C X be the affine open subset defined by v ^Q. Then 
U = Speck[y,z] = A| where z = n/u, and W = x = yz. Then Theorem 2.8 and [Orl04, 
Prop. 1.14] imply that M.F{X ,W) MF(C/, VF) is an equivalence. Altogether we obtain 
an equivalence 

MF(SpecA;,0) ^ MF(A|,,yz). 
This is, of course, well known. 
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Definition 3.20. Let Z be a smooth quasi-projective scheme and let W : Z ^ A} he a 
regular function. We call W resolved if Zq = {W = 0} is a simple normal crossing divi- 
sor. That means that W is locally equal to a monomial in a system of local parameters and 
each reduced irreducible component of Zq is smooth. We then also call the corresponding 
category MF(Z, W) resolved. 

In the rest of this section we assume in addition that char k = 0. Let X be a connected 
smooth quasi-projective scheme and let W : X ^ be a non-zero regular function. By 
[Kol07, Thm. 3.35] there exists an "embedded resolution of singularities" n : X ^ X of 
the divisor Xq = {W = 0} such that W : X ^ is resolved. It is obtained by a sequence 
of blowing-ups with smooth centers Yi, . . . ,Ys which are contained in the zero set of the 
puUbacks of W. We can assume that the Yi are connected. 

Corollary 3.21. In the above setting the triangulated category MF^X ,W) has a semi- 
orthogonal decomposition into admissible subcategories that are equivalent to MF(5^,0) 
(for 1 < i < s ) or 'M.F{X,W). More precisely, the multiplicity of MF(li,0) is equal 
to the codimension of Yi minus 1, and MF(X, VF) appears with multiplicity one. In 
particular, the category MF(X, VF) is a semi- orthogonal summand in a resolved category 
MF{X,W). 

Proof. This follows from the above and Theorem 3.4. □ 

Corollary 3.21 may allow us sometimes (depending on the problem we are interested in) 
to reduce the study of the category MF(X, W) to the case that the divisor Xq is a simple 
normal crossing divisor. In view of this result we would like to ask the following question. 

Question 3.22. Can one give a "reasonable" description of a resolved category MF(Z, W) ? 
Or, at least, of its idempotent completion? The simplest non-trivial example would be that 
of the category MF(A^, W = xy'^). 

Appendix A. Admissible subcategories and semi-orthogonal degompositions 

We remind the reader of some definitions and facts from [BK89, BLL04]. Let T be a 
triangulated category. 

Let S C T be a subcategory. Recall that the right orthogonal S-^ to 5 in T is the 
full subcategory of T consisting of all objects C £ T such that T{S, C) = for all S G S. 
It is a triangulated subcategory of T. Similarly one defines the left orthogonal '^S. 

Definition A.l. A right admissible (resp. left admissible) subcategory of T is a strict 
full triangulated subcategory S of T such that for any A £ T there is a triangle Ag — ?> 
A A^± [l]As (resp. A±^ ^ A ^ Ag ^ [l]A±^ ) with As e S and A^i- G S-^ 
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(resp. AA_g € ). An admissible subcategory is a subcategory which is both right and left 
admissible. 

Remark A. 2. Let S be a right (resp. left) admissible subcategory of T. If 5"*" = (resp. 
"""iS = ), then obviously S = T. 

Lemma A. 3 ([BK89, Prop. 1.5]). Let S be a strict full triangulated subcategory of a 
triangulated category T . Then the following are equivalent. 

(a) S is right (resp. left) admissible. 

(b) The inclusion functor S has a right (resp. left) adjoint. 

(c) T is the triangulated envelope of S and (resp. of and S ). 

Remark A. 4. // S is right (resp. left) admissible and we fix for any A a triangle 

As ^ A ^ Asi_ [1]^5 (resp. A^g A ^ As ^ [l]A^g) as above, then A ^ As 
extends uniquely to a right (resp. left) adjoint functor to the inclusion 5 ^ T. 

Remark A. 5. Let F : B ^ T be a full and faithful functor of triangulated categories, and 
assume that F admits a right adjoint functor. Then the essential image of F is a right 
admissible subcategory of T. This is obvious from Lemma A. 3. 

Lemma A. 6 (cf. [BLL04, Lemma 2.20]). Let F be a triangulated category, and let U, V 
be strict full triangulated subcategories of T satisfying F{V,U) = 0. Assume that there is 
a full subcategory £ C F such that for each E ^ £ there is a triangle 

Ey — )• — 7- Ey [1]-£'V 

with E\> G V and Eu G U. Assume that one of the following two statements is true. 

(a) We have tria(i5) = T, where tria((S) is the triangulated envelope of E in F ■ 

(b) Fhe categories U and V are thick subcategories of F, one of U, V is idempotent 
complete, and thick(iS) = T, where thick(£') is the thick envelope of £ in F, i. e. 
the objects of £ classically generate F. 

Then V is right admissible in F, U is left admissible in F, we have lA = V"*" and V = ^lA, 
and F is the triangulated envelope of UUV. In the terminology of Definition A. 10 below 
this says that F = {U, V) is a semi- orthogonal decomposition of F. 

Proof. Let S be the full subcategory of F consisting of those objects X & F such that 
there is a triangle 

(A.l) Xv^X ^Xu^ [l]Xv 

with Xv G V and Xu eU. We claim that S = F. 
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Obviously 5 is a strict subcategory containing iS, V and lA^ and it is closed under 
all shifts. Assume that X ^ Y ^ Z ^ \[\X is a triangle with X^Y € S. Assume that 
there is a triangle (A.l) as above for X, and similarly for Y. The morphism X ^ Y 
extends uniquely two a morphism between these two triangles (use [BBD82, Prop. 1.1.9]), 
and this morphism fits (since it is unique) into the following 3 x 3 -diagram constructed 
using [BBD82, Prop. 1.1.11]. 



[l\Xv - [l]lv - [l]Z' - [2]Xv 

A 



X 



Yu 



Y 



Yv 



Z" 



Z' 



e 



m 

A 



[l]Xv 



Since U and V are strict full triangulated subcategories of T, we have G V and 
Z" gU, so Z £ S. This argument shows that 5 is a strict triangulated subcategory of T. 
If (a) is satisfied this already shows that S = T- 

Now assume that (b) is satisfied. We claim that 5 is a thick subcategory. Let X € 5 
and assume that X = Xi © X2 in T- We can even assume that X = Xi © X2. Let 
V ^ X ^ U ^ [l]V be a triangle with F G V and U £ U. Then the idempotent 
e := [qq] : X ^ X can be uniquely extended to a morphism 




of triangles ([BBD82, Prop. 1.1.9]), and both u and v are idempotent. Assume that V is 
idempotent complete. Then we can assume that V = Vi (BV2 with Vi, V2 G V and that 

since ef = fv. Complete the morphisms fi : Vi ^ Xi 



V = [10]. We have / 
into triangles 



fi 

/2 



(A.2) 



ViAXi^Ui^[l]Vi, 
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for i = 1,2. The direct sum of these two triangles is a triangle, and there is a morphism 
such that 

Vi e V2 Xi e X2 — - Ui e U2 — - [i](Fi e V2) 

/ g ^ h 
V ^ X ^ U ^ [l]V 

is morphism of triangles; ip is an isomorphism. Since U \s a, thick subcategory, we have 

C/i, U2 € lA. The above triangles (A. 2) for i = 1, 2 (and the similar argument in case lA 

is idempotent complete) show that 5 is a thick subcategory of T. Hence S = T- 

We have proved that 5 = T if (a) or (b) is satisfied. 

By assumption we have U C V"*-. Let X G V"*-. Since S = T we have a triangle 

V ^X ^ [1]V 

with V and U ^lA. Since X G V"*" the morphism V ^ X \s zero and idj^jy factors 
through U (in fact U '^X®[l]V). But T{VM) = and hence [l]V = 0. Hence X 
is an isomorphism, and X ^ lA hj strictness. This shows lA = V"*". Similarly we obtain 
V = ^U. 

Right admissibility of V, left admissibility of lA, and the fact that T is the triangulated 
envelope oi lA UV follow directly from the definition of S (cf. (A.l)) and the fact that 
S = T. □ 

Corollary A. 7 ([BK89, Lemma 1.7]). If S is a right admissible subcategory of a T, 
then S = "'"(5"'"), so in particular S is a thick subcategory of T. Similarly, if S is left 
admissible, then S = ("'"5)"'" is thick. 

Proof. The first statement follows from Lemma A. 6 by taking lA = 5"*", V = S and S = T. 
For the second statement take lA = S, V = '^S and £ = T. □ 

Lemma A. 8. // S is right admissible, the functors 5"*" — > T/S and S — >• T/S-^ are 
equivalences. 

If S is left admissible, the functors S — )■ T/'^S and '^S — > T/S are equivalences. 

Proof. By parts (ff2) and (ff2) °p of Proposition B.2, all these functors are full and faithful, 
and it is clear that they are essentially surjective. □ 

Lemma A. 9. Let Si, S2 be right admissible subcategories of a triangulated category T 
and assume that T{S2,Si) = 0. Then the triangulated envelope T> := tria(5i,52) in T of 
the full subcategory Si L) S2 is a right admissible subcategory of T. 

Similarly, if Si and S2 are left admissible subcategories of T satisfying T(S2,Si) = 0, 
then tria(5i,52) is left admissible in T. 
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Proof. Let T € T be given. By right admissibility of ^2 there is a triangle 

S2^T^Q2^ [l]S2 

with ^2 G ^2 Bind Q2 G 5^, and right admissibility of Si yields a triangle 

Si^Q2^Qi^ [l]Si 

with G Si and Qi G ^j*-. Note that 5i G 5i C 52" and Q2 G 52" imply that Qi G 52". 
Hence Qi G T)^. Fit the composition ^'1(72 into a triangle 

(A.3) ^ T ^ Qi ^ [!][/ 

The octahedral axiom applied to the morphisms §2 and gi provides a triangle 

S2^U^Sl^ [l]S2. 

This shows that U G V. Hence we see from (A.3) that V is right admissible. □ 

Definition A. 10. A sequence {Si,S2, ■ ■ ■ Sn) of subcategories of T is called semi- orthogonal 

if T{Sj,Si) = for all j > i, and complete (in T ) if T is the triangulated envelope of 
5iU52U- ■ - USn- A semi- orthogonal decomposition of T is a complete semi-orthogonal 
sequence (5i, ^2, . . . 5„) of strict full triangulated subcategories, and is denoted by 

T = (5i, . . . ,5„). 

A semi- orthogonal decomposition into admissible subcategories is a semi-orthogonal 
decomposition whose components are admissible subcategories. 

Lemma A. 11. 

(a) If S is a left admissible subcategory of T, then -^S is right admissible and {S,'^S) 
is a semi- orthogonal decomposition of T. Similarly, if S is right admissible, then 
T = {S^,S) is a semi-orthogonal decomposition. 

(b) If T = (U,V) is a semi-orthogonal decomposition, then V is right admissible, lA 
is left admissible, lA = V"*" and V = ^U. 

(c) Let T = {Si, . . . ,Sn) be a semi- orthogonal decomposition (into admissible subcate- 
gories), and let 1 < a < n. Let T>i := tria(5i U • • • U Sa) and T>2 ■= tria(5a+i U 
••• U Sn) denote the indicated triangulated envelopes. Then T = (Pi,P2) dn-d 
T>i = {Si, . . . ,Sa) and P2 = (5a+i, ■ ■ ■ ,5„) are semi- orthogonal decompositions 
(into admissible subcategories). In particular T>i = T>2 ind 1^2 = ^T^i- 

Proof, (a): Use Lemma A.3. 

(b): This is a consequence Lemma A. 6: take f = 5i U ^2. 
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(c): If T = {Si, . . . ,Sn) is a semi-orthogonal decomposition, all statements are trivial 
(the last one follows directly from (b)). So let us assume that all components Si are 
admissible in T. Then Lemma A. 9 implies that T>i and P2 are admissible subcategories 
of T. Moreover, each Sj, for 1 < j < a (resp. a + 1 < j < n), is obviously admissible in 
Vi (resp. V2). □ 

Appendix B. Embeddings of Verdier quotients 

Verdier localization is described beautifully in [NccOl, 2.1]. We give here some additional 
results. In contrast to [NccOl] we do not assume that triangulated subcategories are strict 
(= closed under isomorphisms). 

Let T> he a triangulated category and C C V a full triangulated subcategory (not 
necessarily thick). Let F : D —?■ D/C be the Verdier localization functor ([NeeOl, Theo- 
rem 2.1.8]). We denote by More the subclass of morphisms (in V) that fit into a triangle 
with cone in C. 

Lemma B.l. Let f,g:X^Y be two morphisms in V. The following conditions are 
equivalent: 

(a) F{f) = F{g) ; 

(h) there is a morphism a : X' ^ X in More such that fa = ga : X' Y ; 

(c) there is a morphism /3 : Y ^ Y' in More such that Pf = j3g : X ^Y' ; 

(d) the morphism f — g : X ^Y factors as X ^ C ^ Y with C in C. 

Proof. This is a slightly extended version of [NccOl, Lemma 2.1.26] using the description of 
morphisms in D/C via "coroofs". The proof is easily generalized. □ 

Proposition B.2. Let D be a triangulated category with full triangulated subcategories C, 
W, V such that V is contained in both W and C, i. e. pictorially 

V c C 
n n 

W c V. 

Let i be the inclusion W CT>. Then i factors to a triangulated functor i -.Ys) jV ^ T> jC, 
i. e. pictorially 

W t V 
G F 

W/V VjC. 

where F and G are the Verdier localization functors. 
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(I) The following three conditions are equivalent, and if they hold, the functor i is full 
and faithful. 

(ffl) For all morphisms s : W ^ D in Mor^ with W in W and D in T> there 
is an object W' in W and a morphism t : D ^ W' such that the morphism 
ts -.W in W ) is in Mory • 

(ff2) Any morphism C ^ W with C e C and W £ W factors as C ^ V ^ W 
with V eV. 

(Equivalently: For any morphism s : C ^ W with C G C and W G W 
there is an object W € W and a morphism t : W ^ W in Mory such that 
ts = 0.) 

(ffS) For all D G D and W (zW the obvious morphism 



is bijective. 

These three conditions hold if the following condition (ff4 ) is satisfied. 
(ff4) C is classically generated by a collection £ of objects in V, i.e. C = thick(£'), 
and any morphism E W with E G £ and € W factors through an 
object of V. 

(II) Dually, the following three conditions are equivalent, and if they hold, the functor i 
is full and faithful. 

(ffl)°P For all morphisms s : D W in More with D in T> and W in W there 
is an object W' in W and a morphisms t : W — ?> D such that st : W' — )■ W 
( a morphism in W ) is in Mory • 

(ff2)°P Any morphism W C with W e W and C e C factors as W ^ V ^ C 
with V eV. 

(Equivalently: For any morphism s : W ^ C with W (z W and C (z C 
there is an object W € W and a morphism t : W W in Mory such that 
st = 0.) 

(j(f5j°P For all W (zW and D ^T> the obvious morphism 



is bijective. 

Moreover, these three conditions hold if the following condition (ff4 ) °^ is satisfied. 
(ff4)°^ C is classically generated by a collection £ of objects in T>, i.e. C = thick(£^), 
and any morphism W E with W & W and E ^ £ factors through an 
object of V. 



1) 




Homi,/v(VF,D) ^ Homx)/c(VF,£>) 
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Proof. We use implicitly some results of [NccOl], e.g. Remark 2.1.23. Let F' : D T>/V 
be the Verdier localization functor and j : T>/V -^T)/C the functor such that jF' = F. 
We start with the proof of (I). 

(ffl) imphes (ff3): Let D e V and W eW. We have to prove that (B.l) is bijective. 

Injectivity: Let h : D ^ W be a morphism in D/V. Then h = F'{f)F'{g)~^ for some 
D' in V and morphisms D -f^ D' ^ W (a "roof) in D with g € Mory . 

Assume that j{h) = 0. Then F{f)F{g)~^ = and hence F{f) = ; it is sufficient to 
show that F'{f) = 0. Lemma B.l shows that there is s : W ^ D" in More such that 
sf = : D' ^ D". Assumption (ffl) applied to s yields W in >V and t : D" W 
such that ts -.W is in Mory . We obtain that ^ = tsf : D' ^ W ^ W . This 

implies = F'{{ts)f) = F'{ts)F'{f). Note that F'{ts) is invertible since ts G Mory. 
Hence F'{f) = 0. 

Surjectivity: Let a morphism a : D ^ W in D/C be represented by a "coroof 

D ^ D' <^W 

with s G More . Assumption (ffl) applied to s yields W in W and t : D' ^ W such 
that ts G Mory . Our coroof is equivalent to the coroof 

D %W' '^W 

which represents a morphism h : D ^ W in P/V, namely h = F'{ts)'~^F'{tf). Since s 
and ts are in More the same is true for t by the octahedral axiom. Hence 

jib) = Fitsy'Fitf) = iFit)Fis)r'Fit)Fif) = Fisy^Fif) = a. 

(ffS) imphes (ff2): Let a morphism C ^ W with C G C and G W be given. It 
becomes zero in V/C by Lemma B.l. By assumption it then becomes already zero in T>/V. 
Lemma B.l implies that C ^ W factors through V. 

(ff2) implies (ffl): Let a morphism s : W ^ D in More with in W and D in T> he 
given. Fit s into a triangle W D ^ C [1]W with C G C. By assumption C [l]W 
factors as C ^ V ^ [1]W with V G V. We fit the morphism F — )• [l]W into a triangle 
W ^[1]W with W' G W. The partial morphism 

W -^-^ D ^ C ^ [1]W 

i t 

w — w — V — ^ [i]i^ 

can be completed by a morphism t to a morphism of triangles, and the morphism ts is 
the first morphism in the lower triangle and hence lies in Mory . 
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(ff4) implies (ff2): A morphism C ^ W with C € C and W G W factors through an 
object of V if and only if C ^ W becomes the zero morphism in V/V, by Lemma B.l. 
Using this one proves that the class of all objects E' such that each morphism from E' to 
an arbitrary object of W factors through an object of V is closed under shifts, extensions 
and direct summands. This implies the claim. 

(ff3) imphes that % is fuh and faithful: Let W, W e W. Since 1 factors as W/V 
D/V V/C it is enough to show that 

Homw/v(M^', W) ^ Hom2,/v(H^', W) 

is bijective. If W' ^ D W is a roof with D ^ T) and s € Mory representing a 
morphism in Hom-p/y(l/F', 14^), then D A W' fits into a triangle with cone in V C W. 
The second and third object of this triangle are in W, so the first object D is isomorphic 
to an object W" of W. Let t : W" — > D he an isomorphism. Then our roof is isomorphic 

st ft 

to the roof W < — W" — > W. This argument shows that the above map is surjective as 
well as injective. 

We leave the proof of the "dual" statements in (II) to the reader. □ 
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